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Abstract

This paper provides the first analysis of competitive occupational licensure, where
substitute professions maintain separate licensing boards that set entry requirements
strategically. I develop and structurally estimate a model where professional organi-
zations choose licensing stringency to maximize industry profits while accounting for
competitive responses, as workers with heterogeneous abilities select occupations based
on expected returns and consumers observe only average quality within each profession.
Testing this theory using historical competition between medical doctors (MDs) and
chiropractors (DCs) from 1907-1960, I exploit digitized American Medical Association
records and state-by-year variation in chiropractic board adoption. Medical boards
responded strategically by increasing college requirements by 10 percentage points, man-
dating internships (10+ percentage points), and reducing pass rates by 5 percentage
points. These regulatory changes generated substantial economic effects: doctors ex-
perienced 26% higher home values while their numbers declined by 17-40 practitioners
per 100,000 population, and chiropractors saw 44% higher home values with increased
market presence of 2-12 practitioners per 100,000. Structural estimation reveals that
observed equilibria closely approximate profit-maximizing sequential competition rather
than welfare-maximizing behavior.
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1 Introduction

The study of occupational licensure goes back to Adam Smith, but existing analyses tend

to assume occupational licensing has only one board per broad occupation (Leland, 1979;

Shapiro, 1986; Plemmons and Timmons, 2023; Shaked and Sutton, 1981; Blair and Chung,

2021; Kleiner and Soltas, 2023; Persico, 2015). There are many examples of sets of

near-substitute professions that have separate licensing boards, such as architects and

structural engineers, social workers and psychologists, optometrists and ophthalmologists,

among others. As occupational licensing becomes more common (Carollo et al., 2022), there

will likely be an increase in such occurrences. Using theory, structural estimates, and

reduced-form empirical analysis, I show that we should account for competition between

occupational licensing boards.

To support my general framework, I study the competition between doctors (MDs) and

chiropractors (DCs) in the early 20th century. While some may not view chiropractors and

doctors as close substitutes in the current context, it is much easier to argue that these

professions were substitutes in the past. Both professions aimed to address all health issues

during this period, and both campaigned against each other. At a minimum, these

2



professions believed consumers might see them as substitutes.

To estimate the response from medical boards to chiropractic boards, I digitize records

from the American Medical Association to measure the stringency of licensure. From 1907 to

1960, the American Medical Association released licensure statistics reports that include the

years when state medical boards adopted more restrictive policies, such as requiring two

years of medical school or requiring a doctor to complete an internship year. Additionally, I

can identify the board passage rate of graduates from each medical school in each state for

each year. This allows me to control for selection into medical schools, isolating shifts in the

difficulty of board restrictions.

State medical boards increased barriers to entry around the same time as a chiropractic

board was established. Using a stacked event study design (Cengiz et al., 2019), I examine

how state medical boards adjusted entry requirements following chiropractic licensing. State

medical boards are increasingly likely to require an internship year after medical school, with

effects gradually rising to 10-15 percentage points. Conditional on medical school quality,

candidates seeking licensure failed more frequently, with passage rates declining by

approximately 5 percentage points in treated states. The consistent pattern of increased

stringency across multiple regulatory instruments provides evidence of systematic response to

chiropractic entry.

My findings suggest that the shift in medical board policy affected the selection and

profitability of doctors. Using complete count census data (Ruggles et al., 2024), I show that

following chiropractic board adoption, doctors experience a 26% increase in home values and

a 4.4 percentage point increase in home ownership probability. Educational attainment

among doctors increases by 0.2 years, while doctor prevalence declines by 17 practitioners

per 100,000 population using fixed effects estimation and by 40 practitioners per 100,000

using instrumental variables estimation.

The establishment of a chiropractic board also impacted the selection and profitability of

chiropractors. Chiropractors experience a 44% increase in home values and an 18.6

percentage point increase in home ownership probability. Educational attainment among
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chiropractors increases substantially by 0.6 years. Chiropractor prevalence increases by two

practitioners per 100,000 using fixed effects estimation and by 12 per 100,000 using

instrumental variables estimation.

To validate these findings, I examine similar non-health professions (Electrical Engineers,

Civil Engineers, Librarians, Mechanical Engineers, and Government Officials) as a control

group. These professions show markedly different responses: following chiropractic board

adoption, they experience smaller increases in home values and home ownership, with no

significant change in educational attainment and no evidence of supply effects.

I estimate the impact on chiropractic prevalence using a natural extension of the jackknife

instrumental variable estimation strategy (Angrist et al., 1999) that should be usable in

other contexts. I use the characteristics of other counties in a state as an instrument for the

policy adopted within a specific county. To avoid spatial correlation violating the exclusion

restriction, I control for the characteristics of the counties that surround my county of

interest. This strategy produces large F statistics (ranging from 338 to 699, well above

conventional thresholds) and passes an over-identification test (Sargan test p-values of � 1).

To understand the mechanisms driving these empirical patterns, I develop and estimate a

structural model of competitive occupational licensing. The model features sequential

competition between professional organizations that set licensing requirements to maximize

incumbent profits, workers who differ in ability and choose professions based on expected

returns, and consumers who observe only average quality within each profession. Licensing

stringency acts as a barrier to entry and influences both labor quality and quantity.

Consumers observe only average quality within each profession, creating a potential

asymmetric information problem, as in Akerlof (1970), and allowing for an upward-sloping

demand curve as in Wilson (1979). Workers, who differ in ability as in Larsen et al. (2022),

decide whether to enter a profession based on expected profit, entry costs, and personal

preferences; both worker and consumer decisions are represented using a multinomial logit

structure, which ensures non-zero, continuous supply and demand. Professional organizations

choose licensing requirements strategically to maximize total profession-wide profit, taking
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into account competitive responses. The equilibrium entry costs chosen by the professional

organizations regulate market access and shape the average quality of services provided.

I structurally estimate the model’s parameters using a five-stage procedure that combines

ability estimation from census earnings data, Berry et al. (1995)-style demand estimation

(BLP) with simulated skill heterogeneity, and empirical Bayes shrinkage to stabilize

regulatory effect estimates. The estimated parameters reveal that workers show modest

responsiveness to profitability and regulatory barriers, while consumers exhibit strong price

sensitivity but weak quality sensitivity. Both professions face substantial baseline entry costs,

with chiropractors facing larger barriers that reflect doctors’ prestige advantage. The

stringency parameters—approximately 2,600 for chiropractors and 3,200 for doctors after

empirical Bayes shrinkage—indicate that regulatory barriers impose stricter quality

requirements for doctors than chiropractors, consistent with differences in medical training

intensity.

Using the estimated parameters, I simulate the model to compare equilibrium outcomes

across alternative regulatory regimes. The simulations show that the estimated equilibrium

closely approximates profit-maximizing outcomes under sequential competition (Stackelberg

equilibrium), producing 50 doctors and 4 chiropractors per 100,000 population with doctor

profits of $36,425 and chiropractor profits of $2,906. These estimates substantially

underpredict actual practitioner densities of 105 doctors and 10 chiropractors per 100,000,

likely because the static model estimates equilibrium under current stringency levels while

observed stocks reflect accumulated entry under historically more permissive regimes. The

simulations reveal that allowing boards to compete can be welfare-increasing compared to

having only one board under certain conditions. The competing professions may adopt a

separating equilibrium that better ameliorates the asymmetric information problem by

allowing consumers to choose between tiered options, though this depends critically on

baseline profession preferences. When professions have asymmetric baseline attractiveness,

welfare rankings across regulatory regimes can shift substantially. Additional simulation

results exploring these dynamics are presented in the appendix.
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This paper is the first to consider competitive occupational licensure. Multiple papers

examine what happens when scope of practice limits competition between professions (Perry,

2009; Kleiner et al., 2016; Cai and Kleiner, 2020). This research demonstrates that without

these restrictions, there could be competition between professions. Persico (2015) provides a

model of how complementary sects of a profession vote on licensing policy, but we need to

understand what happens when substitute professions have separate boards and can compete.

The empirical context demonstrates the potential importance of competitive occupational

licensure. The Flexner Report was a 1910 comprehensive evaluation of medical schools that

was followed by widespread closures of low-quality institutions. Scholars traditionally view

this report as an exogenous reform driven by scientific advancement and public interest.

Recent work has demonstrated that changes associated with the Flexner Report led to

substantial effects on mortality and other health outcomes (Andrews, 2021; Clay et al., 2025),

though these reforms also contributed to rural physician shortages (Moehling et al., 2020).

The reforms occurred during a period when stricter physician licensing laws and improved

medical education were contributing to broader mortality improvements (Haines, 2001).

However, my findings suggest these reforms may have been endogenous strategic

responses to competitive threats from alternative practitioners like chiropractors. The timing

of medical board policy changes around chiropractic licensing adoption indicates that

established medical professionals used quality standardization as a competitive weapon

rather than purely pursuing public welfare.

My evidence reframes the Flexner reforms not as exogenous shocks to medical markets,

but as outcomes of the competitive dynamics between medical professions that my model

predicts. Understanding these reforms as strategic responses rather than exogenous

improvements has important implications for evaluating their welfare effects and

understanding the political economy of professional regulation.
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2 Context

2.1 The Medical Profession in the Early 20th Century

The medical profession in the early 20th century was undergoing a significant

transformation, but remained underdeveloped by modern standards. Although germ theory

was increasingly accepted by the late 19th century, medical training in the United States

lagged behind global standards. The profession faced substantial changes following the

landmark 1910 report by Abraham Flexner, which was followed by sharply rising education

standards. Medical boards began requiring more extensive education and hands-on training

through internships. This transformation was dramatic: the number of MD-granting

institutions dropped from 160 in 1904 to 85 in 1920, and just 66 by 1935.

Figure 1: National Prevalence of Doctors Over Time

Data from IPUMS.

Despite these improvements, major medical breakthroughs such as the discovery of

penicillin (1928), the structure of DNA (1953), and the introduction of the polio vaccine
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(1955) were still decades away. Nationally, the prevalence of doctors actually declined during

the first half of the 20th century, with this long decline plateauing briefly but largely

continuing throughout the period (Figure 1).

The high status of the medical profession is reflected in various socioeconomic indicators.

Doctors consistently rank among the most prestigious occupations in American society,

leading in educational attainment and maintaining substantial economic advantages over

other healthcare professions. This elevated status would become a key factor in the medical

establishment’s resistance to alternative practitioners like chiropractors.

Table 1: Socioeconomic Status Indicators for Doctors and Chiropractors

Occupation Educational Attainment Home Value Home Ownership
Years Rank Value ($) Rank Rate Rank

Doctors 16.39 1/223 8,378 4/223 0.554 15/223
Chiropractors 13.63 21/223 4,728 54/223 0.509 35/223

Data from IPUMS. Ranks are relative to other occupational codes. All data is from the
1940 complete count census.

2.2 The Chiropractic Profession and Its Development

Chiropractic emerged as a distinct profession in 1895, initially taking root in the Midwest

before spreading across the United States. Chiropractors claimed the superiority of their

philosophy and practice, asserting that their manual adjustments could address a wide range

of ailments, including influenza (see Figure 2). Some chiropractic methods, particularly

spinal manipulative therapy, do show evidence of benefit for lower back pain even by modern

standards (Paige et al., 2017).
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Figure 2: Chiropractors Claimed to Be Able to Heal a Broad Range of Ailments

Printed July 8, 1921 in The Lahoma Sun on page 6. Accessed via Newspapers.com

Figure 3: National Chiropractic Prevalence Over Time

Data from IPUMS.

The profession expanded rapidly until around 1930, when it entered a prolonged plateau
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�b�?�Q�+�F�b �/�B�`�2�+�i�H�v ���z�2�+�i�B�M�; �+�?�B�`�Q�T�`���+�i�Q�` �Q�m�i�+�Q�K�2�b �B�M �i�?�2 �7�Q�+���H �+�Q�m�M�i�v�X
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�T�2�`�b�B�b�i�2�M�+�2 �+�Q�M�i�`�Q�H�b�,

Ycydp = � ^NewBoardpcyd + �X pcyd +
PX 3X

i =1

� cdpi f (Y i
cdp;y� 1) + � pyd + "pcyd �U�e�V

�r�?�2�`�2Ycydp �B�b �i�?�2 �Q�m�i�+�Q�K�2 �p���`�B���#�H�2�-� �B�b �i�?�2 �+�Q�2�{�+�B�2�M�i �Q�7 �B�M�i�2�`�2�b�i �Q�M �T�`�2�/�B�+�i�2�/ �#�Q���`�/

���/�Q�T�i�B�Q�M̂NewBoardpcyd�- ���M�/� �`�2�T�`�2�b�2�M�i�b �+�Q�2�{�+�B�2�M�i�b �Q�M �+�Q�M�i�`�Q�H �p���`�B���#�H�2�bX pcyd�X �h�?�2
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�i�?�2 �T�`�Q�7�2�b�b�B�Q�M�b �r�B�i�? �+�Q�2�{�+�B�2�M�i�b� cdpi �i�Q �~�2�t�B�#�H�v �+�Q�M�i�`�Q�H �7�Q�` �T�2�`�b�B�b�i�2�M�+�2 �2�z�2�+�i�b�- ���M�/� pyd
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�`�2�H�2�p���M�+�2 �Q�7 �b�i���i�2�@�H�2�p�2�H �T�Q�H�B�i�B�+���H �/�2�i�2�`�K�B�M���M�i�b�X

�8�X�e �A�M�b�i�`�m�K�2�M�i���H �o���`�B���#�H�2�b �_�2�b�m�H�i�b

�h�?�B�b �B�M�b�i�`�m�K�2�M�i���H �p���`�B���#�H�2�b ���T�T�`�Q���+�? �+�Q�M�i�B�M�m�2�b �i�Q �b�?�Q�r ���M �B�M�+�`�2���b�2 �B�M �+�?�B�`�Q�T�`���+�i�Q�`

�T�`�2�p���H�2�M�+�2�- �#�m�i �r�B�i�? �� �H�2�b�b �+�Q�M�+�2�`�M�B�M�; �T�`�2�@�i�`�2�M�/�X �6�B�;�m�`�2�R�k�`�2�[�m�B�`�2�b �� �/�B�z�2�`�2�M�i �B�M�i�2�`�T�`�2�i���i�B�Q�M
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�6�B�;�m�`�2 �R�k�, �1�p�2�M�i �a�i�m�/�v �Q�M �:�`�Q�r�i�? �Q�7 �*�?�B�`�Q�T�`���+�i�Q�`�b ���i ���/�Q�T�i�B�Q�M �Q�7 �*�?�B�`�Q�T�`���+�i�B�+
�"�Q���`�/

�L�Q�i�2�b�, �h�?�B�b �}�;�m�`�2 �b�?�Q�r�b �2�p�2�M�i �b�i�m�/�v �+�Q�2�{�+�B�2�M�i�b �7�`�Q�K �i�?�2 �B�M�b�i�`�m�K�2�M�i���H �p���`�B���#�H�2�b
�b�T�2�+�B�}�+���i�B�Q�M �/�2�b�+�`�B�#�2�/ �B�M �2�[�m���i�B�Q�M �U�k�V�X �h�?�2 �/�2�T�2�M�/�2�M�i �p���`�B���#�H�2 �B�b �i�?�2 �;�`�Q�r�i�? �B�M �+�?�B�`�Q�T�`���+�i�Q�`
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�Ç �q�Q�`�F�2�`�b�, �� �+�Q�M�i�B�M�m�m�K �Q�7 �r�Q�`�F�2�`�b �B�M�/�2�t�2�/ �#�vi 2 [0; l ]�- �r�?�2�`�2l �B�b �i�?�2 �H���#�Q�` �7�Q�`�+�2 �b�B�x�2�X
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�q�Q�`�F�2�`�b �p���`�v �B�M ���#�B�H�B�i�vqi ���M�/ �7���+�2 �T�`�Q�7�2�b�b�B�Q�M�@�b�T�2�+�B�}�+ �m�i�B�H�B�i�v �b�?�Q�+�F�b�X �1���+�? �r�Q�`�F�2�` �r�?�Q

�2�M�i�2�`�b �i�?�2 �T�`�Q�7�2�b�b�B�Q�Mp �Q�T�i�B�K���H�H�v �+�?�Q�Q�b�2�b �?�Q�m�`�bhp �i�Q �K���t�B�K�B�x�2 �T�`�Q�}�i�X

�P�T�i�B�K���H �>�Q�m�`�b �*�?�Q�B�+�2�1���+�? �T�`���+�i�B�i�B�Q�M�2�` �B�M �T�`�Q�7�2�b�b�B�Q�Mp �+�?�Q�Q�b�2�b �?�Q�m�`�b �i�Q �K���t�B�K�B�x�2

�T�`�Q�}�i�,

max
hp

� p = Pphp � 
h 2
p �U�d�V
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�h�?�2 �}�`�b�i�@�Q�`�/�2�` �+�Q�M�/�B�i�B�Q�M �v�B�2�H�/�b �Q�T�i�B�K���H �?�Q�m�`�b�,

h�
p =

Pp
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�U�3�V

���M�/ �K���t�B�K�B�x�2�/ �T�`�Q�}�i�,

� �
p =

P2
p
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�U�N�V

�q�Q�`�F�2�` �S���v�Q�z�b�� �r�Q�`�F�2�`i �r�B�i�? ���#�B�H�B�i�vqi �/�2�`�B�p�2�b �m�i�B�H�B�i�v �7�`�Q�K �2�M�i�2�`�B�M�; �T�`�Q�7�2�b�b�B�Q�Mp ���b�,

Vpi = a� �
p � b

sp

qi
� cqi + � p + "pi �U�R�y�V

�r�?�2�`�2� �
p �B�b �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �T�`�Q�}�i�-sp �B�b �i�?�2 �2�M�i�`�v �+�Q�b�i�-� p �B�b �i�?�2 �+�Q�K�K�Q�M

�T�`�Q�7�2�b�b�B�Q�M�@�b�T�2�+�B�}�+ �i���b�i�2�- ���M�/"pi � �1�t�i�`�2�K�2 �o���H�m�2 �B�b �i�?�2 �B�/�B�Q�b�v�M�+�`���i�B�+ �b�?�Q�+�F�X �h�?�B�b �K���i�+�?�2�b

�i�?�2 �B�M�i�m�B�i�B�Q�M �i�?���i �r�Q�`�F�2�`�b �r���M�i �i�Q �2���`�M �� �T�`�Q�}�i�- �r�?�B�H�2 �i�?�2 �+�Q�b�i �B�K�T�Q�b�2�/ �#�v �i�?�2 �#�Q���`�/ �B�b
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�M�Q�M�@�+�Q�K�T�2�M�b���i�Q�`�v �Q�` �`�2�;�m�H���i�Q�`�v �7�2���i�m�`�2�b �i�?���i �K���v �K���F�2 �� �T�`�Q�7�2�b�b�B�Q�M �K�Q�`�2 �Q�` �H�2�b�b ���T�T�2���H�B�M�;

�i�Q �r�Q�`�F�2�`�b�X �h�?�2 �m�i�B�H�B�i�v �7�`�Q�K �+�?�Q�Q�b�B�M�; �i�?�2 �Q�m�i�b�B�/�2 �Q�T�i�B�Q�M �B�b �M�Q�`�K���H�B�x�2�/ �i�Q �y�X

�h�?�2 �+�?�Q�B�+�2 �T�`�Q�#���#�B�H�B�i�v �B�b�,

P(�+�?�Q�Q�b�2pjqi ) =
eV p (qi )

1 + eV 1 (qi ) + eV 2 (qi )
�U�R�R�V

�r�B�i�?V p(qi ) = a� p � bsp

qi
� cqi + � p�X

�6�`�Q�K �i�?�B�b �b�2�i�m�T�- �H���#�Q�` �[�m���M�i�B�i�v �b�m�T�T�H�B�2�/ ���M�/ �H���#�Q�` �[�m���H�B�i�v ���`�2 �/�2�i�2�`�K�B�M�2�/ �#�v �i�?�2

�2�[�m�B�H�B�#�`�B�m�K �T�`�B�+�2�b�X

�G���#�Q�` �a�m�T�T�H�v�h�?�2 �M�m�K�#�2�` �Q�7 �r�Q�`�F�2�`�b �Un�V �2�M�i�2�`�B�M�; �T�`�Q�7�2�b�b�B�Q�Mp �B�b�,

np = l
Z 1

0

eV p (qi ) f (qi )

1 + eV 1 (qi ) + eV 2 (qi )
dqi �U�R�k�V

�r�?�2�`�2f (qi ) �B�b �i�?�2 �H�Q�;�@�M�Q�`�K���H �/�2�M�b�B�i�v�X
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�Z�m���H�B�i�v �6�Q�`�K���i�B�Q�M���p�2�`���;�2 �[�m���H�B�i�v �B�M �T�`�Q�7�2�b�b�B�Q�Mp�,

qp =
l

np

Z 1

0

eV p (qi ) f (qi )qi

1 + eV 1 (qi ) + eV 2 (qi )
dqi �U�R�j�V

�q�?�2�M �2�M�i�`�v �+�Q�b�i�b ���`�2 �?�B�;�?�2�`�- �i�?�2 ���p�2�`���;�2 ���#�B�H�B�i�v �Q�7 �r�Q�`�F�2�`�b �;�2�M�2�`���H�H�v �B�M�+�`�2���b�2�b�- �#�m�i �B�7

�T�`�Q�}�i �b�i���v�b �i�?�2 �b���K�2�- �7�2�r�2�` �r�Q�`�F�2�`�b �2�M�i�2�` �i�?�2 �T�`�Q�7�2�b�b�B�Q�M�X �h�?�B�b �+�`�2���i�2�b �� �i�`���/�2�Q�z �#�2�i�r�2�2�M

�?���p�B�M�; �K�Q�`�2 �r�Q�`�F�2�`�b ���M�/ �?���p�B�M�; �K�Q�`�2 �+���T���#�H�2 �r�Q�`�F�2�`�b �B�M �i�?�2 �T�`�Q�7�2�b�b�B�Q�M�X

�*�Q�M�b�m�K�2�` �S�`�2�7�2�`�2�M�+�2�b�*�Q�M�b�m�K�2�`c �`�2�+�2�B�p�2�b �m�i�B�H�B�i�v �7�`�Q�K �T�`�Q�7�2�b�b�B�Q�Mp�,

Upc = � qp � �P p +  p + � pc �U�R�9�V

�r�?�2�`�2qp �B�b ���p�2�`���;�2 �[�m���H�B�i�v�-Pp �i�?�2 �T�`�B�+�2�- p �B�b �i�?�2 ���p�2�`���;�2 �M�Q�M�@�p���`�v�B�M�; �i���b�i�2 �7�Q�` ��

�T�`�Q�7�2�b�b�B�Q�M�- ���M�/� pc � �1�t�i�`�2�K�2 �o���H�m�2 ���`�2 �B�/�B�Q�b�v�M�+�`���i�B�+ �/�B�z�2�`�2�M�+�2�b �#�2�i�r�2�2�M �+�Q�M�b�m�K�2�`�ö�b �i���b�i�2�b�X

�h�?�B�b �7�Q�H�H�Q�r�b �i�?�2 �H�Q�;�B�+ �i�?���i �+�Q�M�b�m�K�2�`�b �r���M�i �?�B�;�?�@�[�m���H�B�i�v �b�2�`�p�B�+�2�- �#�m�i �/�B�b�H�B�F�2 �T���v�B�M�; �� �?�B�;�?
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�*�?�Q�B�+�2 �T�`�Q�#���#�B�H�B�i�B�2�b �7�Q�H�H�Q�r�,

P(�+�?�Q�Q�b�2p) =
eUp

1 + eU1 + eU2
�U�R�8�V

�r�B�i�?Up = � qp � �P p +  p�X

�a�2�`�p�B�+�2 �J���`�F�2�i �*�H�2���`�B�M�;�J���`�F�2�i �+�H�2���`�B�M�; �Q�+�+�m�`�b �r�?�2�M�,

nph�
p = m

eUp

1 + eU1 + eU2
�U�R�e�V

�a�m�#�b�i�B�i�m�i�B�M�; �Q�T�i�B�K���H �?�Q�m�`�b�,

np
Pp

2

= m

eUp

1 + eU1 + eU2
�U�R�d�V

�r�B�i�? �i�?�2 �H�2�7�i �b�B�/�2 ���b ���;�;�`�2�;���i�2 �b�m�T�T�H�v �U�M�m�K�#�2�` �Q�7 �r�Q�`�F�2�`�b �i�B�K�2�b �Q�T�i�B�K���H �?�Q�m�`�b �r�Q�`�F�2�/ �T�2�`

�j�3



�r�Q�`�F�2�`�V ���M�/ �i�?�2 �`�B�;�?�i �b�B�/�2 ���b ���;�;�`�2�;���i�2 �/�2�K���M�/�X

�A�M�i�2�`�B�Q�` �J���`�F�2�i �1�[�m�B�H�B�#�`�B�m�K�� �q���H� �̀��b�B���M �2�[�m�B�H�B�#�`�B�m�K�B�b �� �+�Q�H�H�2�+�i�B�Q�M �Q�7 �T�`�B�+�2�b(P1; P2)�-

�[�m���M�i�B�i�B�2�b(n1; n2)�- �?�Q�m�`�b(h�
1; h�

2)�- ���M�/ �[�m���H�B�i�B�2�b(q1; q2) �b�m�+�? �i�?���i�,

�R�X�S�`���+�i�B�i�B�Q�M�2�`�b �Q�T�i�B�K�B�x�2 �?�Q�m�`�b �;�B�p�2�M �T�`�B�+�2�b�,h�
p = Pp

2
 �X

�k�X�q�Q�`�F�2�`�b �Q�T�i�B�K�B�x�2 �T�`�Q�7�2�b�b�B�Q�M �+�?�Q�B�+�2 �;�B�p�2�M �T�`�B�+�2�b ���M�/ �Q�T�i�B�K���H �T�`�Q�}�i�X

�j�X�*�Q�M�b�m�K�2�`�b �Q�T�i�B�K�B�x�2 �m�i�B�H�B�i�v �;�B�p�2�M �T�`�B�+�2�b�X

�9�X�h�?�2 �b�2�`�p�B�+�2 �K���`�F�2�i �+�H�2���`�b �7�Q�` �#�Q�i�? �T�`�Q�7�2�b�b�B�Q�M�b�X

�8�X�Z�m���H�B�i�B�2�bqp ���`�2 �+�Q�M�b�B�b�i�2�M�i �r�B�i�? �i�?�2 �b�2�H�2�+�i�B�Q�M �K�2�+�?���M�B�b�K �B�K�T�H�B�2�/ �#�v �r�Q�`�F�2�` �+�?�Q�B�+�2�X

�_�2�b�m�H�i�,

�S�`�Q�T�Q�b�B�i�B�Q�M �R�U�A�M�i�2�`�B�Q�` �J���`�F�2�i �1�[�m�B�H�B�#�`�B�m�K�V�X�l�M�/�2�` �i�?�2 �#���b�2�H�B�M�2 �K�Q�/�2�H ���b�b�m�K�T�i�B�Q�M�b�- �i�?�2� �̀2

�2�t�B�b�i�b �� �q���H� �̀��b�B���M �2�[�m�B�H�B�#�`�B�m�K �7�Q�` ���M�v �;�B�p�2�M �2�M�i�`�v �+�Q�b�i�b(s1; s2)�X

�6�Q�` �i�?�2 �7�Q�`�K���H �2�t�B�b�i�2�M�+�2 �T�`�Q�Q�7�- �b�2�2 ���T�T�2�M�/�B�t�" �X�k

�e�X�j �1�t�i�2�`�B�Q�` �:���K�2 �U�a�i���;�2�b �R�@�k�V

���;�2�M�i�b �1���+�? �T�`�Q�7�2�b�b�B�Q�Mp �?���b �� �`�2�T�`�2�b�2�M�i���i�B�p�2 �Q�`�;���M�B�x���i�B�Q�M �i�?���i �b�2�i�bsp �i�Q �K���t�B�K�B�x�2 �i�Q�i���H

�T�`�Q�7�2�b�b�B�Q�M�@�r�B�/�2 �T�`�Q�}�i�X �S�`�Q�7�2�b�b�B�Q�M �R �U�i�?�2 �/�Q�+�i�Q�`�b�V �K�Q�p�2�b �}�`�b�i �B�M �a�i���;�2 �R�c �S�`�Q�7�2�b�b�B�Q�M �k �U�i�?�2

�+�?�B�`�Q�T�`���+�i�Q�`�b�V �`�2�b�T�Q�M�/�b �B�M �a�i���;�2 �k�X

�S���v�Q�z�b�A�i �B�b �m�M�+�H�2���` �?�Q�r �i�Q �K�Q�/�2�H �i�?�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M �Q�7 �Q�`�;���M�B�x���i�B�Q�M�b �i�?���i �b�2�i �H�B�+�2�M�b�B�M�;

�b�i�`�B�M�;�2�M�+�v�X �h�?�B�b �T���`���H�H�2�H�b �i�?�2 �+�H���b�b�B�+ �_�Q�b�b�@�.�m�M�H�Q�T �/�B�b�+�m�b�b�B�Q�M �`�2�;���`�/�B�M�; �H���#�Q�` �m�M�B�Q�M

�/�2�+�B�b�B�Q�M�@�K���F�B�M�; �U�E���m�7�K���M�-�k�y�y�k�V�X �A�M �K�v �T�`�B�K���`�v �K�Q�/�2�H�- �A ���/�Q�T�i ���M �ô�2�+�Q�M�Q�K�B�+ �K�Q�/�2�H�ô

�7�`���K�2�r�Q�`�F�- ���b�b�m�K�B�M�; �i�?���i �H�B�+�2�M�b�B�M�; �Q�`�;���M�B�x���i�B�Q�M�b �b�2�2�F �i�Q �K���t�B�K�B�x�2 �i�Q�i���H �2���`�M�B�M�;�b �r�B�i�?�B�M �i�?�2

�k�q�B�i�? �b�T�2�+�B�}�+ �T��� �̀��K�2�i�2�` �p���H�m�2�b�-�m�M�B�[�m�2�M�2�b�b �+���M �#�2 �p�2�`�B�}�2�/ �#�v �+�?�2�+�F�B�M�; �7�Q�` �� �+�Q�M�i�`���+�i�B�Q�M �K���T�T�B�M�;�X
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�T�`�Q�7�2�b�b�B�Q�M�X �>�Q�r�2�p�2�`�- �A �r�B�H�H ���H�b�Q �2�t���K�B�M�2 ���H�i�2�`�M���i�B�p�2 �/�2�+�B�b�B�Q�M�@�K���F�B�M�; �K�Q�/�2�H�b �i�Q �T�`�Q�p�B�/�2 ��

�K�Q�`�2 �+�Q�K�T�`�2�?�2�M�b�B�p�2 ���M���H�v�b�B�b�X

�P�`�;���M�B�x���i�B�Q�Mp �K���t�B�K�B�x�2�b�,

�S���v�Q�zp = np� p �U�R�3�V

�h�?�B�b �`�2�~�2�+�i�b �i�?�2 �B�/�2�� �i�?���i �T�`�Q�7�2�b�b�B�Q�M���H �Q�`�;���M�B�x���i�B�Q�M�b �/�2�`�B�p�2 �`�2�p�2�M�m�2 �7�`�Q�K �b�2�`�p�B�M�;

�T�`���+�i�B�i�B�Q�M�2�`�b�X�j �A ���b�b�m�K�2 �i�?���i �i�?�2 ���+�i�m���H �+�Q�b�i �i�Q �T�`���+�i�B�i�B�Q�M�2�`�b ���b�b�Q�+�B���i�2�/ �r�B�i�? �7�m�M�+�i�B�Q�M�B�M�; �Q�7

�i�?�2 �T�`�Q�7�2�b�b�B�Q�M���H �Q�`�;���M�B�x���i�B�Q�M �B�b �b�m�{�+�B�2�M�i�H�v �b�K���H�H �b�m�+�? �i�?���i �B�i �/�Q�2�b �M�Q�i �B�K�T���+�i �i�?�2 �+�?�Q�B�+�2 �Q�7

�T�`�Q�7�2�b�b�B�Q�M �7�Q�` �r�Q�`�F�2�`�b�X�9

�1�t�i�2�`�B�Q�` �:���K�2 �1�[�m�B�H�B�#�`�B�m�K�A �7�Q�+�m�b �Q�M �b�m�#�;���K�2�@�T�2�`�7�2�+�i �2�[�m�B�H�B�#�`�B���X �� �b�m�#�;���K�2�@�T�2�`�7�2�+�i

�2�[�m�B�H�B�#�`�B�m�K �B�b �� �T���B�`(s�
1; s�

2) �b�m�+�? �i�?���i �M�2�B�i�?�2�` �Q�`�;���M�B�x���i�B�Q�M �r�B�b�?�2�b �i�Q �+�?���M�;�2 �B�i�b �2�M�i�`�v �+�Q�b�i�-

�;�B�p�2�M �i�?�2 �Q�i�?�2�`�ö�b �+�?�Q�B�+�2 ���M�/ �i�?�2 �b�2�[�m�2�M�i�B���H �M���i�m�`�2 �Q�7 �i�?�2 �;���K�2�X

�d �a�i�`�m�+�i�m�`���H �1�b�i�B�K���i�B�Q�M ���M�/ �a�B�K�m�H���i�B�Q�M

�h�?�B�b �K�Q�/�2�H �B�b �B�M�i�2�M�i�B�Q�M���H�H�v �~�2�t�B�#�H�2 �b�Q �i�?���i �B�i �+���M �#�2 �+���H�B�#�`���i�2�/ ���M�/ �i���B�H�Q�`�2�/ �i�Q �K�m�H�i�B�T�H�2

�+�Q�M�i�2�t�i�b�- �#�m�i �M�Q�i ���H�H �+�?���`���+�i�2�`�B�b�i�B�+�b ���`�2 �;�2�M�2�`���H�B�x���#�H�2�X �A�M �i�?�B�b �b�2�+�i�B�Q�M�- �A �2�b�i�B�K���i�2 �i�?�2

�T���`���K�2�i�2�`�b �7�Q�` �K�v �2�K�T�B�`�B�+���H �+�Q�M�i�2�t�i�- �#�m�i �B�i �B�b �B�K�T�Q�`�i���M�i �i�Q �M�Q�i�2 �i�?���i �/�B�z�2�`�2�M�i �+�Q�M�i�2�t�i�b �K���v

�+���H�H �7�Q�` �/�B�z�2�`�2�M�i �T�Q�H�B�+�v �T�`�2�b�+�`�B�T�i�B�Q�M�b�X

�h�Q �B�H�H�m�b�i�`���i�2 �i�?�2 �K�Q�/�2�H�ö�b �F�2�v �K�2�+�?���M�B�b�K�b ���M�/ �+�Q�K�T���`���i�B�p�2 �b�i���i�B�+�b�- �A �+�Q�M�/�m�+�i �M�m�K�2�`�B�+���H

�b�B�K�m�H���i�B�Q�M�b �m�M�/�2�` �p���`�B�Q�m�b �T���`���K�2�i�2�` �+�Q�M�}�;�m�`���i�B�Q�M�b�X �h�?�2 �b�B�K�m�H���i�B�Q�M�b �/�2�K�Q�M�b�i�`���i�2 �?�Q�r

�H�B�+�2�M�b�B�M�; �b�i�`�B�M�;�2�M�+�v ���z�2�+�i�b �[�m���H�B�i�v �b�Q�`�i�B�M�;�- �2�M�i�`�v �[�m���M�i�B�i�B�2�b�- �T�`�B�+�2�b�- ���M�/ �b�i�`���i�2�;�B�+ �B�M�i�2�`���+�i�B�Q�M�b

�#�2�i�r�2�2�M �+�Q�K�T�2�i�B�M�; �T�`�Q�7�2�b�b�B�Q�M���H �#�Q���`�/�b�X �l�M�/�2�` �b�v�K�K�2�i�`�B�+ �#���b�2�H�B�M�2 �T�`�2�7�2�`�2�M�+�2�b�- �i�?�2 �K�Q�/�2�H

�T�`�2�/�B�+�i�b �i�?���i �#�Q���`�/�b �2�M�;���;�2 �B�M �+�`�2���K�@�b�F�B�K�K�B�M�; �#�2�?���p�B�Q�` �i�?�`�Q�m�;�? �b�i�`���i�2�;�B�+ �K���M�B�T�m�H���i�B�Q�M �Q�7

�H�B�+�2�M�b�B�M�; �b�i���M�/���`�/�b�- �r�B�i�? �B�K�T�Q�`�i���M�i �B�K�T�H�B�+���i�B�Q�M�b �7�Q�` �r�2�H�7���`�2 ���+�`�Q�b�b �/�B�z�2�`�2�M�i �`�2�;�m�H���i�Q�`�v

�j �� �+�Q�K�K�Q�M �b�m�;�;�2�b�i�B�Q�M �B�b �i�?���i �� �H�B�+�2�M�b�B�M�; �#�Q���`�/ �K���v �#�2 �K���t�B�K�B�x�B�M�; ���p�2�`���;�2 �T�`�Q�}�i�- �#�m�i �B�M �� �Q�M�2�@�;�2�M�2�`���i�B�Q�M
�K�Q�/�2�H�- �i�?�B�b �H�2���/�b �i�Q �m�M�`�2���H�B�b�i�B�+ �/�2�;�2�M�2�`���i�2 �Q�m�i�+�Q�K�2�b �r�B�i�? �B�M�}�M�B�i�2�b�B�K���H�H�v �b�K���H�H�- �?�B�;�?�@�[�m���H�B�i�v �T�`�Q�7�2�b�b�B�Q�M�b�X

�9���H�i�2�`�M���i�B�p�2�H�v�- �B�i �+�Q�m�H�/ �#�2 �+�Q�M�b�B�/�2�`�2�/ �T���`�i �Q�7 �i�?�2 �+�Q�2�{�+�B�2�M�ia�X

�9�y



�`�2�;�B�K�2�b�X �q�?�2�M �T�`�Q�7�2�b�b�B�Q�M�b �?���p�2 ���b�v�K�K�2�i�`�B�+ �#���b�2�H�B�M�2 ���i�i�`���+�i�B�p�2�M�2�b�b�- �i�?�2 �K���;�M�B�i�m�/�2 �Q�7

�b�i�`���i�2�;�B�+ �`�2�b�T�Q�M�b�2�b ���M�/ �r�2�H�7���`�2 �`���M�F�B�M�;�b �p���`�v �b�m�#�b�i���M�i�B���H�H�v�X �6�m�H�H �b�B�K�m�H���i�B�Q�M �`�2�b�m�H�i�b ���M�/

�/�2�i���B�H�2�/ ���M���H�v�b�B�b ���`�2 �T�`�2�b�2�M�i�2�/ �B�M ���T�T�2�M�/�B�t�. �X

�A �2�b�i�B�K���i�2 �i�?�2 �K�Q�/�2�H�ö�b �T���`���K�2�i�2�`�b �m�b�B�M�; �� �}�p�2�@�b�i���;�2 �T�`�Q�+�2�/�m�`�2�X �A �m�b�2 �`�2�+�Q�`�/�b �7�`�Q�K �i�?�2

�R�N�9�y ���M�/ �R�N�8�y �+�Q�K�T�H�2�i�2 �+�Q�m�M�i �+�2�M�b�m�b�2�b�X �a�m�#�b�+�`�B�T�i�b �/�2�M�Q�i�2 �r�Q�`�F�2�`�b �Ui �V�- �+�Q�M�b�m�K�2�`�b �Uc�V�- �a�i���i�2

�1�+�Q�M�Q�K�B�+ ���`�2���b �B�M�/�2�t�2�/ �#�v �v�2���` �Um�V�- �b�i���i�2�b �B�M�/�2�t�2�/ �#�v �v�2���` �Us�V�- ���M�/ �T�`�Q�7�2�b�b�B�Q�M�b �Up�V�X

�a�i���;�2 �R�, �J���`�F�2�i�@�G�2�p�2�H ���#�B�H�B�i�v �1�b�i�B�K���i�B�Q�M�X�l�b�B�M�; �/���i�� �Q�M �2���`�M�B�M�;�b �Q�7 �r�Q�`�F�2�`�b

�2�K�T�H�Q�v�2�/ �Q�m�i�b�B�/�2 �i�?�2 �`�2�;�m�H���i�2�/ �T�`�Q�7�2�b�b�B�Q�M�b�- �A �2�b�i�B�K���i�2 �i�?�2 �T���`���K�2�i�2�`�b �Q�7 �� �H�Q�;�@�M�Q�`�K���H

�/�B�b�i�`�B�#�m�i�B�Q�M �7�Q�` �H���i�2�M�i �b�F�B�H�H ���i �i�?�2 �a�1���@�v�2���` �H�2�p�2�H�X �h�Q ���+�+�Q�m�M�i �7�Q�` �i�Q�T ���M�/ �#�Q�i�i�Q�K �+�Q�/�B�M�;�- �A �}�i

�� �r�B�M�b�Q�`�B�x�2�/�H�Q�;�@�M�Q�`�K���H �/�B�b�i�`�B�#�m�i�B�Q�M �m�b�B�M�; �K���t�B�K�m�K �H�B�F�2�H�B�?�Q�Q�/ �2�b�i�B�K���i�B�Q�M �U�J�G�1�V�- �`�2�+�Q�p�2�`�B�M�;

� m ���M�/� 2
m �;�Q�p�2�`�M�B�M�; �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7

logq�T�`�B�Q�`
i � N (� m ; � 2

m ):

�h�?�B�b �/�B�b�i�`�B�#�m�i�B�Q�M �7�Q�`�K�b �i�?�2 �T�`�B�Q�` �7�Q�` �T�`�Q�7�2�b�b�B�Q�M�@�b�T�2�+�B�}�+ �b�F�B�H�H �/�`���r�b �m�b�2�/ �B�M �b�m�#�b�2�[�m�2�M�i �b�i���;�2�b�X

�a�i���;�2 �k�, �G���#�Q�` �J���`�F�2�i �S���`���K�2�i�2�` �1�b�i�B�K���i�B�Q�M�X�1���+�? �r�Q�`�F�2�`i �/�`���r�b ��

�T�`�Q�7�2�b�b�B�Q�M�@�b�T�2�+�B�}�+ �H���i�2�M�i ���#�B�H�B�i�vqpi �7�`�Q�K �i�?�2 �K���`�F�2�i�@�H�2�p�2�H �T�`�B�Q�`�X �A �2�b�i�B�K���i�2 �T���`���K�2�i�2�`�b

�;�Q�p�2�`�M�B�M�; �Q�+�+�m�T���i�B�Q�M���H �+�?�Q�B�+�2 ���M�/ �H���#�Q�` �b�m�T�T�H�v �#�v �K�Q�/�2�H�B�M�; �i�?�2 �m�i�B�H�B�i�v �Q�7 �2�M�i�2�`�B�M�; �T�`�Q�7�2�b�b�B�Q�M

p �B�M �a�1���@�v�2���`m ���b

Vpi;m = � p + a� p;m +
sp;s

qpi
+ cqpi + � pi ;

�r�?�2�`�2� p;m �/�2�M�Q�i�2�b �2�t�T�2�+�i�2�/ �T�`�Q�}�i �+�Q�M�/�B�i�B�Q�M���H �Q�M �b�F�B�H�H�-sp;s �B�b �H�B�+�2�M�b�B�M�; �b�i�`�B�M�;�2�M�+�v �B�M

�b�i���i�2�@�v�2���`s�- ���M�/� pi �B�b ���M �2�`�`�Q�` �i�2�`�K�X �h�?�2 �7�m�M�+�i�B�Q�Mbp=qpi ���H�H�Q�r�b �i�?�2 �2�z�2�+�i �Q�7 �`�2�;�m�H���i�B�Q�M �i�Q

�p���`�v �B�M�p�2�`�b�2�H�v �r�B�i�? ���#�B�H�B�i�v�- �+���T�i�m�`�B�M�; �i�?���i �b�i�`�B�M�;�2�M�+�v �/�B�b�T�`�Q�T�Q�`�i�B�Q�M���i�2�H�v ���z�2�+�i�b �H�Q�r�2�`�@�b�F�B�H�H�2�/

�r�Q�`�F�2�`�b�X �S���`���K�2�i�2�`�b(� p; a; bp) ���`�2 �2�b�i�B�K���i�2�/ �m�b�B�M�; �"�G�S �K�2�i�?�Q�/�b�- �r�B�i�? �/�2�K�Q�;�`���T�?�B�+ �/�`���r�b

�7�`�Q�K �i�?�2 ���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M �b�2�`�p�B�M�; ���b �Q�#�b�2�`�p�2�/ �?�2�i�2�`�Q�;�2�M�2�B�i�v�X

�9�R



�a�i���;�2 �j�, �1�K�T�B�`�B�+���H �"���v�2�b �a�?�`�B�M�F���;�2 �Q�M �a�i�`�B�M�;�2�M�+�v �S���`���K�2�i�2�`�b�X�h�Q �B�K�T�`�Q�p�2 �i�?�2

�b�i���#�B�H�B�i�v �Q�7 �`�2�;�m�H���i�Q�`�v �2�z�2�+�i �2�b�i�B�K���i�2�b�- �A ���T�T�H�v �2�K�T�B�`�B�+���H �"���v�2�b �b�?�`�B�M�F���;�2 �i�Q �i�?�2 �b�i�`�B�M�;�2�M�+�v

�T���`���K�2�i�2�`�bf spg �m�b�B�M�; �#�Q�Q�i�b�i�`���T �b�i���M�/���`�/ �2�`�`�Q�`�b�X �6�Q�` �2���+�? �T�`�Q�7�2�b�b�B�Q�M�- �A �+���H�+�m�H���i�2�,

~ssp = � �T�`�B�Q�`
s +

� 2
�b�B�;�M���H

� 2
�b�B�;�M���H+ �a�12sp

(bssp � � �T�`�B�Q�`
s );

�r�?�2�`�2� �T�`�B�Q�`
s �B�b �i�?�2 �+�`�Q�b�b�@�b�i���i�2 �K�2���M �Q�7 �b�i�`�B�M�;�2�M�+�v �2�z�2�+�i�b�-� 2

�b�B�;�M���H�B�b �i�?�2 �p���`�B���M�+�2 �Q�7 �i�`�m�2

�b�i�`�B�M�;�2�M�+�v �2�z�2�+�i�b �M�2�i �Q�7 �b���K�T�H�B�M�; �2�`�`�Q�`�- ���M�/ �a�12
s �B�b �i�?�2 �#�Q�Q�i�b�i�`���T �b�i���M�/���`�/ �2�`�`�Q�` �7�Q�` �b�i���i�2p�X

�h�?�2 �b�?�`�B�M�F���;�2 �B�b ���T�T�H�B�2�/ �b�2�T���`���i�2�H�v �i�Q �+�?�B�`�Q�T�`���+�i�Q�` ���M�/ �T�?�v�b�B�+�B���M �b�i�`�B�M�;�2�M�+�v �T���`���K�2�i�2�`�b

�r�B�i�?�B�M �2���+�? �T�`�Q�7�2�b�b�B�Q�M�X �h�?�2�b�2 �b�?�`�m�M�F�2�M �T���`���K�2�i�2�`�bf ~ssg ���`�2 �i�?�2�M �m�b�2�/ �B�M �i�?�2 �b�m�#�b�2�[�m�2�M�i

���#�B�H�B�i�v �B�K�T�m�i���i�B�Q�M �b�i�2�T�X

�a�i���;�2 �9�, ���#�B�H�B�i�v �A�K�T�m�i���i�B�Q�M�X�l�b�B�M�; �i�?�2 �2�b�i�B�K���i�2�/ �H���#�Q�` �K���`�F�2�i �T���`���K�2�i�2�`�b �U�B�M�+�H�m�/�B�M�;

�i�?�2 �b�?�`�m�M�F�2�M �b�i�`�B�M�;�2�M�+�v �T���`���K�2�i�2�`�bf ~ssg�V ���M�/ �Q�#�b�2�`�p�2�/ �Q�+�+�m�T���i�B�Q�M���H �+�?�Q�B�+�2�b�- �A �B�M�p�2�`�i �i�?�2

�K�Q�/�2�H �i�Q �B�K�T�m�i�2 �T�Q�b�i�2�`�B�Q�` ���#�B�H�B�i�v �H�2�p�2�H�bbqpi �7�Q�` �2���+�? �r�Q�`�F�2�` �B�M �2���+�? �T�`�Q�7�2�b�b�B�Q�M ���M�/ �a�1���@�v�2���`�X

�h�?�2�b�2 �[�m���H�B�i�v �2�b�i�B�K���i�2�b ���`�2 �+���H�+�m�H���i�2�/ �#�v �+�Q�K�#�B�M�B�M�; �i�?�2 �b�i�`�m�+�i�m�`���H �T���`���K�2�i�2�`�b �r�B�i�? �Q�#�b�2�`�p�2�/

�K���`�F�2�i �b�?���`�2�b ���M�/ �i�?�2 �2�K�T�B�`�B�+���H�H�v �b�?�`�m�M�F�2�M �`�2�;�m�H���i�Q�`�v �b�i�`�B�M�;�2�M�+�v �K�2���b�m�`�2�b�- �2�M�b�m�`�B�M�; �i�?���i

�i�?�2 �B�K�T�m�i�2�/ ���#�B�H�B�i�B�2�b �`�2�~�2�+�i �b�i���#�B�H�B�x�2�/ �2�b�i�B�K���i�2�b �Q�7 �`�2�;�m�H���i�Q�`�v �2�z�2�+�i�b�X

�a�i���;�2 �8�, �*�Q�M�b�m�K�2�` �.�2�K���M�/ �1�b�i�B�K���i�B�Q�M�X�*�Q�M�b�m�K�2�`c�ö�b �m�i�B�H�B�i�v �7�`�Q�K �+�?�Q�Q�b�B�M�;

�T�`�Q�7�2�b�b�B�Q�Mp �B�M �K���`�F�2�im �B�b

Uc;p;m = Up;m + " c;p;m ;

�r�?�2�`�2 �i�?�2 �K�2���M �m�i�B�H�B�i�v �B�b

Up;m = � bqp;m + �P p;m +  p + � p;m :

�>�2�`�2�-bqp;m �B�b �i�?�2 �B�K�T�m�i�2�/ �[�m���H�B�i�v �K�2���b�m�`�2 �B�M �T�`�Q�7�2�b�b�B�Q�Mp ���M�/ �a�1���@�v�2���`m �U�+���H�+�m�H���i�2�/ �m�b�B�M�;

�b�?�`�m�M�F�2�M �b�i�`�B�M�;�2�M�+�v �T���`���K�2�i�2�`�b�V�-Pp;m �B�b �i�?�2 �2�z�2�+�i�B�p�2 �T�`�B�+�2�- ���M�/ p �B�b �� �T�`�Q�7�2�b�b�B�Q�M�@�b�T�2�+�B�}�+
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�}�t�2�/ �2�z�2�+�i�X �h�?�2 �B�/�B�Q�b�v�M�+�`���i�B�+ �b�?�Q�+�F�b" c;p;m ���`�2 �h�v�T�2 �A �2�t�i�`�2�K�2 �p���H�m�2 �/�B�b�i�`�B�#�m�i�2�/�X �h�?�2 �K�Q�/�2�H

�B�b �2�b�i�B�K���i�2�/ �m�b�B�M�; �i�r�Q�@�b�i���;�2 �H�2���b�i �b�[�m���`�2�b �r�B�i�? �K���`�F�2�i �b�?���`�2�b �`�2�H���i�B�p�2 �i�Q ���M �Q�m�i�b�B�/�2 �Q�T�i�B�Q�M ���b

�i�?�2 �/�2�T�2�M�/�2�M�i �p���`�B���#�H�2�- �B�M�b�i�`�m�K�2�M�i�B�M�; �7�Q�` �T�Q�i�2�M�i�B���H�H�v �2�M�/�Q�;�2�M�Q�m�b �[�m���H�B�i�v ���M�/ �T�`�B�+�2 �m�b�B�M�;

�H���#�Q�` �7�Q�`�+�2 �b�B�x�2�- �+�Q�K�T�2�i�B�i�Q�` �b�i�`�B�M�;�2�M�+�v�- ���M�/ �/�2�K�Q�;�`���T�?�B�+ �+�?���`���+�i�2�`�B�b�i�B�+�b�X

�3 �_�2�b�m�H�i�b�, �a�i�`�m�+�i�m�`���H �1�b�i�B�K���i�B�Q�M

�3�X�R �S���`���K�2�i�2�` �1�b�i�B�K���i�2�b

�h���#�H�2�*�X�R�T�`�2�b�2�M�i�b �i�?�2 �b�i�`�m�+�i�m�`���H �T���`���K�2�i�2�` �2�b�i�B�K���i�2�b�- �r�?�B�+�? �#�`�Q���/�H�v ���H�B�;�M �r�B�i�?

�i�?�2�Q�`�2�i�B�+���H �2�t�T�2�+�i���i�B�Q�M�b�X �q�Q�`�F�2�`�b �b�?�Q�r �r�2���F �`�2�b�T�Q�M�b�B�p�2�M�2�b�b �i�Q �B�M�+�`�2���b�2�/ �T�`�Q�}�i���#�B�H�B�i�v

�Ua = 0:00002�V ���M�/ �K�Q�/�2�b�i �/�2�i�2�`�`�2�M�+�2 �7�`�Q�K �H�m�+�`���i�B�p�2 �Q�m�i�b�B�/�2 �Q�T�i�B�Q�M�b �Uc = � 0:00476�V�-

�+�Q�M�b�B�b�i�2�M�i �r�B�i�? �b�m�#�b�i���M�i�B���H �7�`�B�+�i�B�Q�M�b �B�M �2�M�i�2�`�B�M�; ���M�/ �2�t�B�i�B�M�; �i�?�2�b�2 �T�`�Q�7�2�b�b�B�Q�M�b�X �"�Q�i�?

�T�`�Q�7�2�b�b�B�Q�M�b �2�t�?�B�#�B�i �b�m�#�b�i���M�i�B���H �M�2�;���i�B�p�2 �#���b�2�H�B�M�2 �T���`���K�2�i�2�`�b���/�Q�+�i�Q�`�b ���i� �/�Q�+= � 3:12 ���M�/

�+�?�B�`�Q�T�`���+�i�Q�`�b ���i� �+�?�B�`�Q= � 5:99 �U�/�B�z�2�`�2�M�+�2 �Q�7� 2:87�V�X �h�?�2�b�2 �T���`���K�2�i�2�`�b �+���T�i�m�`�2 ��

�+�Q�K�#�B�M���i�B�Q�M �Q�7 �M�Q�M�@�b�F�B�H�H�@�p���`�v�B�M�; �2�M�i�`�v �+�Q�b�i�b ���M�/ ���p�2�`���;�2 �i���b�i�2�b �7�Q�` �r�Q�`�F�B�M�; �B�M �2���+�?

�T�`�Q�7�2�b�b�B�Q�M�X �h�?�2 �K�Q�`�2 �M�2�;���i�B�p�2 �p���H�m�2 �7�Q�` �+�?�B�`�Q�T�`���+�i�Q�`�b �b�m�;�;�2�b�i�b �2�B�i�?�2�` �?�B�;�?�2�` �}�t�2�/ �2�M�i�`�v

�#���`�`�B�2�`�b�- �H�Q�r�2�` ���p�2�`���;�2 �Q�+�+�m�T���i�B�Q�M���H �T�`�2�7�2�`�2�M�+�2�b�- �Q�` �#�Q�i�?���+�Q�M�b�B�b�i�2�M�i �r�B�i�? �/�Q�+�i�Q�`�b�ö �T�`�2�b�i�B�;�2

���/�p���M�i���;�2 ���M�/ �i�?�2 �`�2�H���i�B�p�2 �M���b�+�2�M�+�2 �Q�7 �+�?�B�`�Q�T�`���+�i�B�+ ���b �� �T�`�Q�7�2�b�b�B�Q�M �/�m�`�B�M�; �i�?�B�b �T�2�`�B�Q�/�X �h�?�2

�b�i�`�B�M�;�2�M�+�v �T���`���K�2�i�2�`�b���k�-�8�N�N �7�Q�` �+�?�B�`�Q�T�`���+�i�Q�`�b ���M�/ �j�-�k�j�k �7�Q�` �/�Q�+�i�Q�`�b ���7�i�2�` �2�K�T�B�`�B�+���H �"���v�2�b

�b�?�`�B�M�F���;�2���2�M�i�2�` �m�i�B�H�B�i�v ���bsp;s=qpi �- �B�M�/�B�+���i�B�M�; �i�?���i �`�2�;�m�H���i�Q�`�v �#���`�`�B�2�`�b �B�K�T�Q�b�2 �b�i�`�B�+�i�2�` �[�m���H�B�i�v

�`�2�[�m�B�`�2�K�2�M�i�b �7�Q�` �/�Q�+�i�Q�`�b �i�?���M �+�?�B�`�Q�T�`���+�i�Q�`�b�- ���b �2�t�T�2�+�i�2�/ �;�B�p�2�M �/�B�z�2�`�2�M�+�2�b �B�M �K�2�/�B�+���H �i�`���B�M�B�M�;�X

�*�Q�M�b�m�K�2�` �/�2�K���M�/ �T���`���K�2�i�2�`�b �b�B�K�B�H���`�H�v �+�Q�M�7�Q�`�K �i�Q �2�t�T�2�+�i���i�B�Q�M�b�X �*�Q�M�b�m�K�2�`�b �2�t�?�B�#�B�i

�r�2���F �[�m���H�B�i�v �b�2�M�b�B�i�B�p�B�i�v �U� = 0:00329�V �#�m�i �b�m�#�b�i���M�i�B���H �T�`�B�+�2 �b�2�M�b�B�i�B�p�B�i�v �U� = � 2:80�V�-

�;�2�M�2�`���i�B�M�; �/�Q�r�M�r���`�/�@�b�H�Q�T�B�M�; �/�2�K���M�/ �+�m�`�p�2�b�X �S�`�Q�7�2�b�b�B�Q�M�@�b�T�2�+�B�}�+ �/�2�K���M�/ �b�?�B�7�i�2�`�b �`�2�p�2���H �i�?���i

�+�Q�M�b�m�K�2�`�b �b�i�`�Q�M�;�H�v �/�B�b�7���p�Q�` �m�M�b�F�B�H�H�2�/ �/�Q�+�i�Q�`�b �U �/�Q�+= � 5:17�V �#�m�i �b�i�B�H�H �T�`�2�7�2�` �/�Q�+�i�Q�`�b �Q�p�2�`

�+�?�B�`�Q�T�`���+�i�Q�`�b �U �+�?�B�`�Q�  �/�Q�+= � 1:51�V �+�Q�M�/�B�i�B�Q�M���H �Q�M �[�m���H�B�i�v ���M�/ �T�`�B�+�2�- �T�H���m�b�B�#�H�v �`�2�~�2�+�i�B�M�;

�;�`�2���i�2�` �+�Q�M�}�/�2�M�+�2 �B�M �i�?�2 �b�+�B�2�M�i�B�}�+ �7�Q�m�M�/���i�B�Q�M�b �Q�7 �+�Q�M�p�2�M�i�B�Q�M���H �K�2�/�B�+�B�M�2�X
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�3�X�k �a�i�`���i�2�;�B�+ �A�M�i�2�`���+�i�B�Q�M�b �"�2�i�r�2�2�M �_�2�;�m�H���i�Q�`�v �"�Q���`�/�b

�6�B�;�m�`�2�R�j�`�2�p�2���H�b �i�?�2 �+�?�B�`�Q�T�`���+�i�Q�` �#�Q���`�/�ö�b �b�i�`���i�2�;�B�+ �`�2�b�T�Q�M�b�2 �i�Q �T�?�v�b�B�+�B���M �#�Q���`�/

�b�i�`�B�M�;�2�M�+�v �r�B�i�?�B�M �i�?�2 �2�K�T�B�`�B�+���H�H�v �`�2�H�2�p���M�i �`���M�;�2�X �h�?�2 �#�2�b�i �`�2�b�T�Q�M�b�2 �7�m�M�+�i�B�Q�M �2�t�?�B�#�B�i�b ��

�b�i�`�B�F�B�M�; �M�Q�M�@�K�Q�M�Q�i�Q�M�B�+ �T���i�i�2�`�M�, �+�?�B�`�Q�T�`���+�i�Q�`�b �T�`�2�7�2�`�?�B�;�?�2�`�b�i�`�B�M�;�2�M�+�v �r�?�2�M �/�Q�+�i�Q�`�b �b�2�i �H�Q�r

�b�i�`�B�M�;�2�M�+�v�- �#�m�i �T�`�2�7�2�`�H�Q�r�2�`�b�i�`�B�M�;�2�M�+�v �r�?�2�M �/�Q�+�i�Q�`�b �b�2�i �?�B�;�? �b�i�`�B�M�;�2�M�+�v�X �h�?�B�b �B�M�p�2�`�i�2�/

�`�2�H���i�B�Q�M�b�?�B�T �b�m�;�;�2�b�i�b �+�?�B�`�Q�T�`���+�i�Q�` �#�Q���`�/�b �m�b�2 �H�B�+�2�M�b�B�M�; �`�2�[�m�B�`�2�K�2�M�i�b �b�i�`���i�2�;�B�+���H�H�v �i�Q

�/�B�z�2�`�2�M�i�B���i�2 �i�?�2�B�` �T�`�Q�7�2�b�b�B�Q�M �r�?�2�M �T�?�v�b�B�+�B���M�b ���`�2 ���+�+�2�b�b�B�#�H�2�- �#�m�i �`�2�H���t �b�i���M�/���`�/�b �i�Q �K���B�M�i���B�M

�K���`�F�2�i �b�?���`�2 �r�?�2�M �T�?�v�b�B�+�B���M�b �#�2�+�Q�K�2 �b�+���`�+�2�X�8

�6�B�;�m�`�2 �R�j�, �*�?�B�`�Q�T�`���+�i�Q�` �a�i�`���i�2�;�B�+ �_�2�b�T�Q�M�b�2 �i�Q �.�Q�+�i�Q�` �a�i�`�B�M�;�2�M�+�v
�"�2�b�i �_�2�b�T�Q�M�b�2 �6�m�M�+�i�B�Q�M �B�M �P�#�b�2�`�p�2�/ �a�i�`�B�M�;�2�M�+�v �_���M�;�2

�*�?�B�`�Q�T�`���+�i�Q�` �#�Q���`�/�ö�b �Q�T�i�B�K���H �b�i�`�B�M�;�2�M�+�v �+�?�Q�B�+�2 ���b �� �7�m�M�+�i�B�Q�M �Q�7 �T�?�v�b�B�+�B���M �#�Q���`�/ �b�i�`�B�M�;�2�M�+�v�- �x�Q�Q�K�2�/
�i�Q �2�K�T�B�`�B�+���H�H�v �`�2�H�2�p���M�i �`���M�;�2�X �h�?�2 �M�Q�M�@�K�Q�M�Q�i�Q�M�B�+ �#�2�b�i �`�2�b�T�Q�M�b�2 �b�?�Q�r�b �+�?�B�`�Q�T�`���+�i�Q�`�b �T�`�2�7�2�` �?�B�;�?�2�`
�b�i�`�B�M�;�2�M�+�v �r�?�2�M �/�Q�+�i�Q�`�b �b�2�i �H�Q�r �b�i�`�B�M�;�2�M�+�v�- ���M�/ �H�Q�r�2�` �b�i�`�B�M�;�2�M�+�v �r�?�2�M �/�Q�+�i�Q�`�b �b�2�i �?�B�;�? �b�i�`�B�M�;�2�M�+�v�X
�h�?�2 ���T�T���`�2�M�i �b�i�2�T�@�r�B�b�2 �M���i�m�`�2 �B�b �/�m�2 �i�Q �i�?�2 �/�B�b�+�`�2�i�2 �b�i�`�B�M�;�2�M�+�v �H�2�p�2�H�b �m�b�2�/ �B�M �i�?�2 �b�B�K�m�H���i�B�Q�M�X �A�M ��
�i�`�m�H�v �+�Q�M�i�B�M�m�Q�m�b �b�2�i�i�B�M�;�- �i�?�B�b �r�Q�m�H�/ �#�2 �� �b�K�Q�Q�i�? �7�m�M�+�i�B�Q�M�X

�8�h�?�B�b �`�2�~�2�+�i�b �� �+�Q�K�K�Q�M �b�i�`���i�2�;�v �i�?���i ���`�B�b�2�b ���+�`�Q�b�b �T���`���K�2�i�2�` �p���H�m�2�b �r�?�2�`�2 �#�Q���`�/�b �b�2�2�F �i�Q �ô�+�`�2���K�@�b�F�B�K�ô
�2���+�? �Q�i�?�2�` �U�7�Q�` �K�Q�`�2�- �b�2�2 ���T�T�2�M�/�B�t�1�V�X
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�6�B�;�m�`�2 �R�9�, �J�2�/�B�+���H �"�Q���`�/ �S�`�2�7�2�`�b �� �>�B�;�? �a�i�`�B�M�;�2�M�+�v �B�M �a�2�[�m�2�M�i�B���H �:���K�2
�J�2�/�B�+���H �"�Q��� �̀/ �S� �̀Q�}�i�b �l�M�/�2�` �*�?�B� �̀Q�T� �̀��+�i�Q�` �"�2�b�i �_�2�b�T�Q�M�b�2

�h�?�B�b �T�H�Q�i�b �i�?�2 �K�2�/�B�+���H �#�Q���`�/ �T���v�Q�z �7�Q�` �2���+�? �b�i�`�B�M�;�2�M�+�v �H�2�p�2�H�- ���b�b�m�K�B�M�; �i�?�2 �+�?�B�`�Q�T�`���+�i�B�+ �#�Q���`�/ �T�H���v�b
�B�i�b �#�2�b�i �`�2�b�T�Q�M�b�2�X �1�b�i�B�K���i�2�/ �T���`���K�2�i�2�`�b �7�`�Q�K �h���#�H�2�*�X�R�X

�3�X�j �1�[�m�B�H�B�#�`�B�m�K �*�Q�K�T���`�B�b�Q�M�b ���+�`�Q�b�b �:�Q�p�2�`�M���M�+�2 �_�2�;�B�K�2�b

�l�b�B�M�; �2�b�i�B�K���i�2�/ �T���`���K�2�i�2�`�b�- �A �b�B�K�m�H���i�2 �}�p�2 ���H�i�2�`�M���i�B�p�2 �`�2�;�m�H���i�Q�`�v �`�2�;�B�K�2�b �i�Q ���b�b�2�b�b �?�Q�r

�B�M�b�i�B�i�m�i�B�Q�M���H �/�2�b�B�;�M ���z�2�+�i�b �K���`�F�2�i �Q�m�i�+�Q�K�2�b�X �h���#�H�2�3�T�`�2�b�2�M�i�b �2�[�m�B�H�B�#�`�B�m�K �Q�m�i�+�Q�K�2�b�- �r�?�B�H�2

�6�B�;�m�`�2�b�R�j�- ���M�/�R�9�-�R�8�B�H�H�m�b�i�`���i�2 �b�i�`���i�2�;�B�+ �B�M�i�2�`���+�i�B�Q�M�b ���M�/ �r�2�H�7���`�2 �B�K�T�H�B�+���i�B�Q�M�b�X

�a�i���+�F�2�H�#�2�`�; �1�[�m�B�H�B�#�`�B�m�K�X�q�?�2�M �#�Q���`�/�b �b�2�[�m�2�M�i�B���H�H�v �K���t�B�K�B�x�2 �B�M�+�m�K�#�2�M�i �T�`�Q�}�i�b �r�B�i�?

�/�Q�+�i�Q�`�b �K�Q�p�B�M�; �}�`�b�i�- �`�2�b�i�`�B�+�i�B�p�2 �Q�m�i�+�Q�K�2�b �2�K�2�`�;�2�, �9�d�X�k�y �/�Q�+�i�Q�`�b ���M�/ �9�X�d�y �+�?�B�`�Q�T�`���+�i�Q�`�b �T�2�`
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�T�H���i�7�Q�`�K�b �b�2�i �[�m���H�B�i�v �i�?�`�2�b�?�Q�H�/�b �7�Q�` �T���`�i�B�+�B�T���M�i�b�X �l�M�/�2�`�b�i���M�/�B�M�; �i�?�2 �+�Q�K�T�2�i�B�i�B�p�2 �/�v�M���K�B�+�b �Q�7

�b�i���M�/���`�/�@�b�2�i�i�B�M�; �Q�`�;���M�B�x���i�B�Q�M�b �`�2�K���B�M�b ���M �B�K�T�Q�`�i���M�i ���`�2�� �7�Q�` �7�m�i�m�`�2 �`�2�b�2���`�+�?�X

���b �Q�+�+�m�T���i�B�Q�M���H �H�B�+�2�M�b�B�M�; �+�Q�M�i�B�M�m�2�b �i�Q �2�t�T���M�/ ���+�`�Q�b�b �B�M�/�m�b�i�`�B�2�b ���M�/ �T�`�Q�7�2�b�b�B�Q�M�b�-

�m�M�/�2�`�b�i���M�/�B�M�; �i�?�2�b�2 �+�Q�K�T�2�i�B�i�B�p�2 �/�v�M���K�B�+�b �#�2�+�Q�K�2�b �B�M�+�`�2���b�B�M�;�H�v �+�`�B�i�B�+���H �7�Q�` �2�z�2�+�i�B�p�2

�`�2�;�m�H���i�Q�`�v �/�2�b�B�;�M�X �h�?�B�b �T���T�2�` �/�2�K�Q�M�b�i�`���i�2�b �i�?���i �+�Q�K�T�2�i�B�i�B�Q�M �#�2�i�r�2�2�M �H�B�+�2�M�b�B�M�; �#�Q���`�/�b

�;�2�M�2�`���i�2�b �+�Q�K�T�H�2�t �b�i�`���i�2�;�B�+ �B�M�i�2�`���+�i�B�Q�M�b �r�B�i�? ���K�#�B�;�m�Q�m�b �r�2�H�7���`�2 �2�z�2�+�i�b �i�?���i �/�2�T�2�M�/ �+�`�B�i�B�+���H�H�v

�Q�M �m�M�/�2�`�H�v�B�M�; �T�`�Q�7�2�b�b�B�Q�M �+�?���`���+�i�2�`�B�b�i�B�+�b ���M�/ �B�M�b�i�B�i�m�i�B�Q�M���H �/�2�i���B�H�b�X �S�Q�H�B�+�v�K���F�2�`�b �2�p���H�m���i�B�M�;

�H�B�+�2�M�b�B�M�; �`�2�7�Q�`�K�b �K�m�b�i ���+�+�Q�m�M�i �7�Q�` �i�?�2�b�2 �+�Q�K�T�2�i�B�i�B�p�2 �/�v�M���K�B�+�b �i�Q ���p�Q�B�/ �m�M�B�M�i�2�M�/�2�/

�+�Q�M�b�2�[�m�2�M�+�2�b ���M�/ �/�2�b�B�;�M �`�2�;�m�H���i�Q�`�v �b�i�`�m�+�i�m�`�2�b �i�?���i �#���H���M�+�2 �[�m���H�B�i�v ���b�b�m�`���M�+�2 ���;���B�M�b�i ���+�+�2�b�b

���M�/ �+�Q�K�T�2�i�B�i�B�Q�M �+�Q�M�+�2�`�M�b�X

�_�2�7�2�`�2�M�+�2�b

�U�R�N�R�9�V�X �*�m�`�`�2�M�i �*�Q�K�K�2�M�i�X�C�Q�m�`�M���H �Q�7 �i�?�2 ���K�2�`�B�+���M �J�2�/�B�+���H ���b�b�Q�+�B���i�B�Q�M�-

�G�s�A�A�U�R�8�V�,�R�R�d�e���R�R�d�3�X

���F�2�`�H�Q�7�- �:�X ���X �U�R�N�d�y�V�X �h�?�2 �K���`�F�2�i �7�Q�` �ó�H�2�K�Q�M�b�ô�, �Z�m���H�B�i�v �m�M�+�2�`�i���B�M�i�v ���M�/ �i�?�2 �K���`�F�2�i

�K�2�+�?���M�B�b�K�X�h�?�2 �Z�m���`�i�2�`�H�v �C�Q�m�`�M���H �Q�7 �1�+�Q�M�Q�K�B�+�b�- �3�9�U�j�V�,�9�3�3���8�y�y�X

���M�/�`�2�r�b�- �"�X �S�X �U�k�y�k�R�V�X �_�2�T�Q�`�i�B�M�; �p�2�`�b�m�b �`�2�T�m�i���i�B�Q�M�, �S�?�v�b�B�+�B���M �[�m���H�B�i�v ���M�/ �i�?�2 �~�2�t�M�2�` �`�2�T�Q�`�i

�Q�7 �R�N�R�y�X �h�2�+�?�M�B�+���H �`�2�T�Q�`�i�- �q�Q�`�F�B�M�; �S���T�2�`�X �o�2�`�b�B�Q�M�, �R�R �.�2�+�2�K�#�2�`�X

���M�;�`�B�b�i�- �C�X �.�X�- �A�K�#�2�M�b�- �:�X �q�X�- ���M�/ �E�`�m�2�;�2�`�- ���X �"�X �U�R�N�N�N�V�X �C���+�F�F�M�B�7�2 �B�M�b�i�`�m�K�2�M�i���H �p���`�B���#�H�2�b

�2�b�i�B�K���i�B�Q�M�X�C�Q�m�`�M���H �Q�7 ���T�T�H�B�2�/ �1�+�Q�M�Q�K�2�i�`�B�+�b�- �R�9�U�R�V�,�8�d���e�d�X
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�"�2�`�`�v�- �a�X�- �G�2�p�B�M�b�Q�?�M�- �C�X�- ���M�/ �S���F�2�b�- ���X �U�R�N�N�8�V�X ���m�i�Q�K�Q�#�B�H�2 �T�`�B�+�2�b �B�M �K���`�F�2�i �2�[�m�B�H�B�#�`�B�m�K�X

�1�+�Q�M�Q�K�2�i�`�B�+���- �e�j�U�9�V�,�3�9�R���3�N�y�X

�"�H���B�`�- �S�X �Z�X ���M�/ �*�?�m�M�;�- �"�X �q�X �U�k�y�k�R�V�X �� �K�Q�/�2�H �Q�7 �Q�+�+�m�T���i�B�Q�M���H �H�B�+�2�M�b�B�M�; ���M�/ �b�i���i�B�b�i�B�+���H

�/�B�b�+�`�B�K�B�M���i�B�Q�M�X �A�M���1�� �T���T�2�`�b ���M�/ �T� �̀Q�+�2�2�/�B�M�;�b�- �p�Q�H�m�K�2 �R�R�R�- �T���;�2�b �k�y�R���k�y�8�X ���K�2�`�B�+���M

�1�+�Q�M�Q�K�B�+ ���b�b�Q�+�B���i�B�Q�M �k�y�R�9 �"�`�Q���/�r���v�- �a�m�B�i�2 �j�y�8�- �L���b�?�p�B�H�H�2�- �h�L �j�d�k�y�j�X

�*���B�- �C�X ���M�/ �E�H�2�B�M�2�`�- �J�X �J�X �U�k�y�k�y�V�X �h�?�2 �H���#�Q�` �K���`�F�2�i �+�Q�M�b�2�[�m�2�M�+�2�b �Q�7 �`�2�;�m�H���i�B�M�; �b�B�K�B�H���`

�Q�+�+�m�T���i�B�Q�M�b�, �i�?�2 �H�B�+�2�M�b�B�M�; �Q�7 �Q�+�+�m�T���i�B�Q�M���H ���M�/ �T�?�v�b�B�+���H �i�?�2�`���T�B�b�i�b�X�C�Q�m�`�M���H �Q�7 �G���#�Q�`

�_�2�b�2��� �̀+�?�- �9�R�,�j�8�k���j�3�R�X

�*���`�Q�H�H�Q�- �L�X ���X�- �>�B�+�F�b�- �C�X �6�X�- �E���`�+�?�- ���X�- ���M�/ �E�H�2�B�M�2�`�- �J�X �J�X �U�k�y�k�k�V�X �h�?�2 �Q�`�B�;�B�M�b ���M�/ �2�p�Q�H�m�i�B�Q�M

�Q�7 �Q�+�+�m�T���i�B�Q�M���H �H�B�+�2�M�b�B�M�; �B�M �i�?�2 �m�M�B�i�2�/ �b�i���i�2�b�X�q�Q�`�F �S���T�X

�*�2�M�;�B�x�- �.�X�- �.�m�#�2�- ���X�- �G�B�M�/�M�2�`�- ���X�- ���M�/ �w�B�T�T�2�`�2�`�- �"�X �U�k�y�R�N�V�X �h�?�2 �2�z�2�+�i �Q�7 �K�B�M�B�K�m�K �r���;�2�b �Q�M

�H�Q�r�@�r���;�2 �D�Q�#�b�X�h�?�2 �Z�m���`�i�2�`�H�v �C�Q�m�`�M���H �Q�7 �1�+�Q�M�Q�K�B�+�b�- �R�j�9�U�j�V�,�R�9�y�8���R�9�8�9�X

�*�H���v�- �E�X�- �J�B�H�H�2�`�- �:�X�- �S�Q�`�i�M�v�F�?�- �J�X�- ���M�/ �a�+�?�K�B�+�F�- �1�X �C�X �U�k�y�k�8�V�X �J�2�/�B�+���H �b�+�?�Q�Q�H �+�H�Q�b�m�`�2�b�-

�K���`�F�2�i ���/�D�m�b�i�K�2�M�i�- ���M�/ �K�Q�`�i���H�B�i�v �B�M �i�?�2 �~�2�t�M�2�` �`�2�T�Q�`�i �2�`���X �h�2�+�?�M�B�+���H �`�2�T�Q�`�i�- �L���i�B�Q�M���H

�"�m�`�2���m �Q�7 �1�+�Q�M�Q�K�B�+ �_�2�b�2���`�+�?�X

�>���B�M�2�b�- �J�X �_�X �U�k�y�y�R�V�X �h�?�2 �m�`�#���M �K�Q�`�i���H�B�i�v �i�`���M�b�B�i�B�Q�M �B�M �i�?�2 �m�M�B�i�2�/ �b�i���i�2�b�- �R�3�y�y�@�R�N�9�y�X �A�M

���M�M���H�2�b �/�2 �/�û�K�Q�;� �̀��T�?�B�2 �?�B�b�i�Q�`�B�[�m�2�- �p�Q�H�m�K�2 �R�y�R�- �T���;�2�b �j�j���e�9�X �"�2�H�B�M�X

�C�Q�?�M�b�Q�M�- �*�X �.�X ���M�/ �:�`�2�2�M�- �"�X �L�X �U�k�y�k�R�V�X �G�Q�Q�F�B�M�; �#���+�F ���i �i�?�2 �H���r�b�m�B�i �i�?���i �i�`���M�b�7�Q�`�K�2�/ �i�?�2

�+�?�B�`�Q�T�`���+�i�B�+ �T�`�Q�7�2�b�b�B�Q�M �T���`�i �9�, �*�Q�K�K�B�i�i�2�2 �Q�M �[�m���+�F�2�`�v�X�C�Q�m�`�M���H �Q�7 �*�?�B� �̀Q�T� �̀��+�i�B�+ �1�/�m�+���i�B�Q�M�-

�j�8�U�a�R�V�,�8�8���d�j�X

�E���m�7�K���M�- �"�X �1�X �U�k�y�y�k�V�X �J�Q�/�2�H�b �Q�7 �m�M�B�Q�M �r���;�2 �/�2�i�2�`�K�B�M���i�B�Q�M�, �q�?���i �?���p�2 �r�2 �H�2���`�M�2�/ �b�B�M�+�2

�/�m�M�H�Q�T ���M�/ �`�Q�b�b�\�A�M�/�m�b�i�`�B���H �_�2�H���i�B�Q�M�b�, �� �C�Q�m�`�M���H �Q�7 �1�+�Q�M�Q�K�v ���M�/ �a�Q�+�B�2�i�v�- �9�R�U�R�V�,�R�R�y���R�8�3�X

�E�2���i�B�M�;�- �C�X �*�X�- �*�H�2�p�2�H���M�/�- �*�X �a�X�- ���M�/ �J�2�M�F�2�- �J�X �U�k�y�y�9�V�X�*�?�B� �̀Q�T� �̀��+�i�B�+ �>�B�b�i�Q�`�v�, �� �S�`�B�K�2�`�X

���b�b�Q�+�B���i�B�Q�M �7�Q�` �i�?�2 �>�B�b�i�Q�`�v �Q�7 �*�?�B�`�Q�T�`���+�i�B�+ �.���p�2�M�T�Q�`�i�- �A���X
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�E�H�2�B�M�2�`�- �J�X �J�X�- �J���`�B�2�`�- ���X�- �S���`�F�- �E�X �q�X�- ���M�/ �q�B�M�;�- �*�X �U�k�y�R�e�V�X �_�2�H���t�B�M�; �Q�+�+�m�T���i�B�Q�M���H

�H�B�+�2�M�b�B�M�; �`�2�[�m�B�`�2�K�2�M�i�b�, ���M���H�v�x�B�M�; �r���;�2�b ���M�/ �T�`�B�+�2�b �7�Q�` �� �K�2�/�B�+���H �b�2�`�p�B�+�2�X�h�?�2 �C�Q�m�`�M���H �Q�7

�G���r ���M�/ �1�+�Q�M�Q�K�B�+�b�- �8�N�U�k�V�,�k�e�R���k�N�R�X

�E�H�2�B�M�2�`�- �J�X �J�X ���M�/ �a�Q�H�i���b�- �1�X �C�X �U�k�y�k�j�V�X �� �r�2�H�7���`�2 ���M���H�v�b�B�b �Q�7 �Q�+�+�m�T���i�B�Q�M���H �H�B�+�2�M�b�B�M�; �B�M �m�b

�b�i���i�2�b�X�_�2�p�B�2�r �Q�7 �1�+�Q�M�Q�K�B�+ �a�i�m�/�B�2�b�- �N�y�U�8�V�,�k�9�3�R���k�8�R�e�X

�G���`�b�2�M�- �"�X �C�X�- �C�m�- �w�X�- �E���T�Q�`�- ���X�- ���M�/ �u�m�- �*�X �U�k�y�k�k�V�X �h�?�2 �2�z�2�+�i�b �Q�7 �Q�+�+�m�T���i�B�Q�M���H �H�B�+�2�M�b�B�M�;

�b�i�`�B�M�;�2�M�+�v �Q�M �i�?�2 �K���`�F�2�i �7�Q�` �T�m�#�H�B�+ �b�+�?�Q�Q�H �i�2���+�?�2�`�b�X �h�2�+�?�M�B�+���H �`�2�T�Q�`�i�- �h�2�+�?�M�B�+���H �`�2�T�Q�`�i�X

�G���r�- �J�X �h�X ���M�/ �E�B�K�- �a�X �U�k�y�y�8�V�X �a�T�2�+�B���H�B�x���i�B�Q�M ���M�/ �`�2�;�m�H���i�B�Q�M�, �h�?�2 �`�B�b�2 �Q�7 �T�`�Q�7�2�b�b�B�Q�M���H�b ���M�/

�i�?�2 �2�K�2�`�;�2�M�+�2 �Q�7 �Q�+�+�m�T���i�B�Q�M���H �H�B�+�2�M�b�B�M�; �`�2�;�m�H���i�B�Q�M�X�h�?�2 �C�Q�m�`�M���H �Q�7 �1�+�Q�M�Q�K�B�+ �>�B�b�i�Q�`�v�-

�e�8�U�j�V�,�d�k�j���d�8�e�X

�G�2�H���M�/�- �>�X �1�X �U�R�N�d�N�V�X �Z�m���+�F�b�- �H�2�K�Q�M�b�- ���M�/ �H�B�+�2�M�b�B�M�;�, �� �i�?�2�Q�`�v �Q�7 �K�B�M�B�K�m�K �[�m���H�B�i�v

�b�i���M�/���`�/�b�X�C�Q�m�`�M���H �Q�7 �S�Q�H�B�i�B�+���H �1�+�Q�M�Q�K�v�- �3�d�U�e�V�,�R�j�k�3���R�j�9�e�X

�J�Q�2�?�H�B�M�;�- �*�X �J�X�- �L�B�2�K�2�b�?�- �:�X �h�X�- �h�?�Q�K���b�b�Q�M�- �J�X ���X�- ���M�/ �h�`�2�#�2�`�- �C�X �U�k�y�k�y�V�X �J�2�/�B�+���H

�2�/�m�+���i�B�Q�M �`�2�7�Q�`�K�b ���M�/ �i�?�2 �Q�`�B�;�B�M�b �Q�7 �i�?�2 �`�m�`���H �T�?�v�b�B�+�B���M �b�?�Q�`�i���;�2�X�*�H�B�Q�K�2�i�`�B�+���-

�R�9�U�k�V�,�R�3�R���k�k�8�X

�S���B�;�2�- �L�X �J�X�- �J�B���F�2�@�G�v�2�- �A�X �J�X�- �"�Q�Q�i�?�- �J�X �a�X�- �"�2�`�Q�2�b�- �C�X �J�X�- �J���`�/�B���M�- ���X �a�X�- �.�Q�m�;�?�2�`�i�v�- �S�X�-

�"�`���M�b�Q�M�- �_�X�- �h���M�;�- �"�X�- �J�Q�`�i�Q�M�- �a�X �*�X�- ���M�/ �a�?�2�F�2�H�H�2�- �S�X �:�X �U�k�y�R�d�V�X ���b�b�Q�+�B���i�B�Q�M �Q�7 �a�T�B�M���H

�J���M�B�T�m�H���i�B�p�2 �h�?�2�`���T�v �q�B�i�? �*�H�B�M�B�+���H �"�2�M�2�}�i ���M�/ �>���`�K �7�Q�` ���+�m�i�2 �G�Q�r �"���+�F �S���B�M�,

�a�v�b�i�2�K���i�B�+ �_�2�p�B�2�r ���M�/ �J�2�i���@���M���H�v�b�B�b�X�C���J�� �- �j�R�d�U�R�9�V�,�R�9�8�R���R�9�e�y�X

�S�2�`�`�v�- �C�X �C�X �U�k�y�y�N�V�X �h�?�2 �`�B�b�2 ���M�/ �B�K�T���+�i �Q�7 �M�m�`�b�2 �T�`���+�i�B�i�B�Q�M�2�`�b ���M�/ �T�?�v�b�B�+�B���M ���b�b�B�b�i���M�i�b �Q�M

�i�?�2�B�` �Q�r�M ���M�/ �+�`�Q�b�b�@�Q�+�+�m�T���i�B�Q�M �B�M�+�Q�K�2�b�X�*�Q�M�i�2�K�T�Q� �̀��`�v �1�+�Q�M�Q�K�B�+ �S�Q�H�B�+�v�- �k�d�U�9�V�,�9�N�R���8�R�R�X

�S�2�`�b�B�+�Q�- �L�X �U�k�y�R�8�V�X �h�?�2 �T�Q�H�B�i�B�+���H �2�+�Q�M�Q�K�v �Q�7 �Q�+�+�m�T���i�B�Q�M���H �H�B�+�2�M�b�B�M�; ���b�b�Q�+�B���i�B�Q�M�b�X�h�?�2 �C�Q�m�`�M���H

�Q�7 �G���r�- �1�+�Q�M�Q�K�B�+�b�- �� �P� �̀;���M�B�x���i�B�Q�M�- �j�R�U�k�V�,�k�R�j���k�9�R�X

�S�H�2�K�K�Q�M�b�- ���X ���M�/ �h�B�K�K�Q�M�b�- �1�X �U�k�y�k�j�V�X �P�+�+�m�T���i�B�Q�M���H �H�B�+�2�M�b�B�M�;�, �� �#���`�`�B�2�` �i�Q �Q�T�T�Q�`�i�m�M�B�i�v

���M�/ �T�`�Q�b�T�2�`�B�i�v�X�h�?�2 �*�2�M�i�2�` �7�Q�` �:� �̀Q�r�i�? ���M�/ �P�T�T�Q�`�i�m�M�B�i�v�X

�8�e



�_�m�;�;�H�2�b�- �a�X�- �L�2�H�b�Q�M�- �J�X ���X�- �a�Q�#�2�F�- �J�X�- �6�B�i�+�?�- �*�X ���X�- �:�Q�2�F�2�M�- �_�X�- �>���+�F�2�`�- �C�X �.�X�- �_�Q�#�2�`�i�b�- �1�X�-

���M�/ �q���`�`�2�M�- �C�X �_�X �U�k�y�k�9�V�X �A�T�m�K�b ���M�+�2�b�i�`�v �7�m�H�H �+�Q�m�M�i �/���i���, �o�2�`�b�B�Q�M �9�X�y �(�/���i���b�2�i�)�X

�K�B�M�M�2���T�Q�H�B�b�- �K�M�, �A�T�m�K�b�X

�a�?���F�2�/�- ���X ���M�/ �a�m�i�i�Q�M�- �C�X �U�R�N�3�R�V�X �>�2�i�2�`�Q�;�2�M�2�Q�m�b �+�Q�M�b�m�K�2�`�b ���M�/ �T�`�Q�/�m�+�i �/�B�z�2�`�2�M�i�B���i�B�Q�M �B�M ��

�K���`�F�2�i �7�Q�` �T�`�Q�7�2�b�b�B�Q�M���H �b�2�`�p�B�+�2�b�X�1�m� �̀Q�T�2���M �1�+�Q�M�Q�K�B�+ �_�2�p�B�2�r�- �R�8�U�k�V�,�R�8�N���R�d�d�X

�a�?���T�B�`�Q�- �*�X �U�R�N�3�e�V�X �A�M�p�2�b�i�K�2�M�i�- �K�Q�`���H �?���x���`�/�- ���M�/ �Q�+�+�m�T���i�B�Q�M���H �H�B�+�2�M�b�B�M�;�X�h�?�2 �_�2�p�B�2�r �Q�7

�1�+�Q�M�Q�K�B�+ �a�i�m�/�B�2�b�- �8�j�U�8�V�,�3�9�j���3�e�k�X

�q�B�H�b�Q�M�- �*�X ���X �U�R�N�d�N�V�X �1�[�m�B�H�B�#�`�B�m�K ���M�/ ���/�p�2�`�b�2 �b�2�H�2�+�i�B�Q�M�X�h�?�2 ���K�2�`�B�+���M �1�+�Q�M�Q�K�B�+ �_�2�p�B�2�r�-

�e�N�U�k�V�,�j�R�j���j�R�d�X

�8�d



�� �"�Q���`�/ �_�2�b�T�Q�M�b�2 �.�B�z�2�`�2�M�+�2 �B�M �.�B�z�2�`�2�M�+�2

�h���#�H�2 ���X�R�, �1�z�2�+�i �Q�7 �*�?�B�`�Q�T�`���+�i�B�+ �G�B�+�2�M�b�B�M�; �Q�M �J�2�/�B�+���H �"�Q���`�/ �_�2�[�m�B�`�2�K�2�M�i�b

�h�`�2���i�K�2�M�i �S���b�b �_���i�2 �h�r�Q�@�u�2���` �_�2�[�m�B�`�2�K�2�M�i �A�M�i�2�`�M�b�?�B�T �_�2�[�m�B�`�2�K�2�M�i

�*�?�B�`�Q�T�`���+�i�B�+ �G�B�+�2�M�b�2 �@�y�X�y�9�9� �U�y�X�y�R�3�V �y�X�R�y�e �U�y�X�R�R�R�V �y�X�y�N�d� �U�y�X�y�9�9�V

�L�Q�i�2�,
�a�i���M�/���`�/ �2�`�`�Q�`�b �B�M �T���`�2�M�i�?�2�b�2�b�- �+�H�m�b�i�2�`�2�/ ���i �b�i���i�2 �H�2�p�2�H�Xy �T�I�y�X�R�y�- � �T�I�y�X�y�8�- � � �T�I�y�X�y�R�-
� � � �T�I�y�X�y�y�R�X ���H�H �b�T�2�+�B�}�+���i�B�Q�M�b �B�M�+�H�m�/�2 �2�p�2�M�i�@�v�2���` ���M�/ �2�p�2�M�i�@�b�i���i�2 �}�t�2�/ �2�z�2�+�i�b�X

�" �1�[�m�B�H�B�#�`�B�m�K �1�t�B�b�i�2�M�+�2

�h�?�B�b ���T�T�2�M�/�B�t �T�`�Q�p�B�/�2�b �� �7�Q�`�K���H �T�`�Q�Q�7 �i�?���i �� �q���H�`���b�B���M �2�[�m�B�H�B�#�`�B�m�K �2�t�B�b�i�b �B�M �i�?�2 �B�M�i�2�`�B�Q�`

�2�+�Q�M�Q�K�v �7�Q�` ���M�v �;�B�p�2�M �2�M�i�`�v �+�Q�b�i�b(s1; s2)�X

�"�X�R �a�2�i�m�T ���M�/ �.�2�}�M�B�i�B�Q�M�b

�6�Q�` �}�t�2�/ �2�M�i�`�v �+�Q�b�i�b(s1; s2)�- �/�2�}�M�2 �i�?�2 �2�t�+�2�b�b �/�2�K���M�/ �7�m�M�+�i�B�Q�M�b�,

Zp(P1; P2) = Dp(P1; P2) � Sp(P1; P2); i 2 f 1; 2g; �U�R�N�V

�r�?�2�`�2

Dp(P1; P2) = m �
eUp

1 + eU1 + eU2
; �U�k�y�V

Sp(P1; P2) = np(P1; P2) �
Pp

2

; �U�k�R�V

�r�B�i�?Up = � qp � �P p +  p ���M�/np(P1; P2) �;�B�p�2�M �B�M �i�?�2 �K���B�M �i�2�t�i�X

�a�i���M�/�B�M�; ���b�b�m�K�T�i�B�Q�M�b�X�h�?�`�Q�m�;�?�Q�m�i �i�?�2 �T�`�Q�Q�7 �r�2 ���b�b�m�K�2�,

�R�X� > 0 ���M�/
 > 0�X

�8�3



�k�X�h�?�2 �r�Q�`�F�2�` ���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M �B�b �H�Q�;�@�M�Q�`�K���H �r�B�i�? �}�M�B�i�2 �K�2���M ���M�/ �p���`�B���M�+�2�c �B�M

�T���`�i�B�+�m�H���`�- �B�i ���/�K�B�i�b �� �/�2�M�b�B�i�vf (a) �Q�M(0; 1 ) �r�B�i�?
R1

0 f (a) da = 1�X

�j�X�6�Q�` �2���+�? ���#�B�H�B�i�v �H�2�p�2�Ha�- �i�?�2 �K�m�H�i�B�M�Q�K�B���H �H�Q�;�B�i �+�?�Q�B�+�2 �T�`�Q�#���#�B�H�B�i�B�2�b� p(a; P1; P2) ���`�2

�+�Q�M�i�B�M�m�Q�m�b �B�M(P1; P2) ���M�/ �b���i�B�b�7�v0 � � p � 1�X

�9�X�h�Q�i���H �r�Q�`�F�2�` �K���b�bl �B�b �}�M�B�i�2�X

�h�?�2�b�2 ���b�b�m�K�T�i�B�Q�M�b �;�m���`���M�i�2�2 �#�Q�m�M�/�2�/ �/�2�K���M�/ ���M�/ �r�2�H�H�@�/�2�}�M�2�/ �b�m�T�T�H�v�X

�"�X�k �S�`�B�+�2 �.�Q�K���B�M

�.�2�}�M�2 �i�?�2 �+�Q�K�T���+�i �T�`�B�+�2 �/�Q�K���B�MS � R2
+ ���b�,

S = [ Pmin ; Pmax ]2: �U�k�k�V

�>�2�`�2Pmin > 0 �B�b �+�?�Q�b�2�M �b�m�+�? �i�?���iZp(Pmin ; Pr ) > 0 �7�Q�` ���H�HPr 2 [Pmin ; Pmax ] ���M�/p; r 2 f 1; 2g�-

�r�?�B�H�2Pmax �B�b �+�?�Q�b�2�M �b�m�+�? �i�?���iZp(Pmax ; Pr ) < 0 �7�Q�` ���H�HPr 2 [Pmin ; Pmax ]�X

�1�t�B�b�i�2�M�+�2 �Q�7 �b�m�+�? �#�Q�m�M�/�b �7�Q�H�H�Q�r�b �7�`�Q�K �b�i���M�/���`�/ �+�Q�K�T���`���i�B�p�2 �b�i���i�B�+�b�, ���bPp ! 0+ �- �/�2�K���M�/

�7�`�Q�K �U�k�y�V �`�2�K���B�M�b �b�i�`�B�+�i�H�v �T�Q�b�B�i�B�p�2 �r�?�B�H�2 �b�m�T�T�H�v �7�`�Q�K �U�k�R�V �i�2�M�/�b �i�Q �x�2�`�Q�- �b�QZp ! + 1 �c ���b

Pp ! + 1 �- �/�2�K���M�/ �p���M�B�b�?�2�b �U�b�B�M�+�2� > 0�V �r�?�B�H�2 �b�m�T�T�H�v �B�b �T�Q�b�B�i�B�p�2�- �b�QZp ! �1 �X

�"�X�j �1�t�+�2�b�b �.�2�K���M�/ �*�Q�`�`�2�b�T�Q�M�/�2�M�+�2

�6�Q�` �b�K���H�H� > 0�- �/�2�}�M�2 �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�2�M�+�2� : S � S �#�v

�( P1; P2) = Proj S

�
(P1; P2) + �

�
Z1(P1; P2); Z2(P1; P2)

��
; �U�k�j�V

�r�?�2�`�2ProjS �/�2�M�Q�i�2�b �i�?�2 �Q�`�i�?�Q�;�Q�M���H �T�`�Q�D�2�+�i�B�Q�M �Q�M�i�Q �i�?�2 �+�Q�M�p�2�t �b�2�iS�X �"�v �+�Q�M�b�i�`�m�+�i�B�Q�M �i�?�B�b

�T�`�Q�D�2�+�i�B�Q�M �B�b �m�M�B�[�m�2�- �b�Q� �B�b �B�M �7���+�i �b�B�M�;�H�2�@�p���H�m�2�/�X
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�"�X�9 �o�2�`�B�}�+���i�B�Q�M �Q�7 �E���F�m�i���M�B �*�Q�M�/�B�i�B�Q�M�b

�G�2�K�K�� �R�U�.�Q�K���B�M �S�`�Q�T�2�`�i�B�2�b�V�X�h�?�2 �b�2�iS �B�b �M�Q�M�@�2�K�T�i�v�- �+�Q�K�T���+�i�- ���M�/ �+�Q�M�p�2�t�X

�S� �̀Q�Q�7�XS �B�M �U�k�k�V �B�b �� �+�H�Q�b�2�/�- �#�Q�m�M�/�2�/ �`�2�+�i���M�;�H�2 �B�MR2�- �?�2�M�+�2 �+�Q�K�T���+�i�X �A�i �B�b �+�Q�M�p�2�t ���b �i�?�2

�*���`�i�2�b�B���M �T�`�Q�/�m�+�i �Q�7 �+�Q�M�p�2�t �B�M�i�2�`�p���H�b�X �L�Q�M�@�2�K�T�i�B�M�2�b�b �7�Q�H�H�Q�r�b �b�B�M�+�2Pmin < P max �X

�G�2�K�K�� �k�U�*�Q�M�i�B�M�m�B�i�v �Q�7 �1�t�+�2�b�b �.�2�K���M�/�V�X�h�?�2 �7�m�M�+�i�B�Q�M�bZp(P1; P2) �/�2�}�M�2�/ �B�M�U�R�N�V��� �̀2

�+�Q�M�i�B�M�m�Q�m�b �Q�MS�X

�S� �̀Q�Q�7�X�.�2�K���M�/Dp �B�M �U�k�y�V �B�b �� �+�Q�K�T�Q�b�B�i�B�Q�M �Q�7 �+�Q�M�i�B�M�m�Q�m�b �7�m�M�+�i�B�Q�M�b�X �a�m�T�T�H�v �/�2�T�2�M�/�b �Q�M

np(P1; P2) =
R

� p(a; P1; P2)f (a) da�X �h�?�2 �B�M�i�2�;�`���M�/ �B�b �+�Q�M�i�B�M�m�Q�m�b �B�M(P1; P2) ���M�/ �/�Q�K�B�M���i�2�/ �#�v

f (a)�- �r�?�B�+�? �B�b �B�M�i�2�;�`���#�H�2�X �"�v �i�?�2 �.�Q�K�B�M���i�2�/ �*�Q�M�p�2�`�;�2�M�+�2 �h�?�2�Q�`�2�K�-np �B�b �+�Q�M�i�B�M�m�Q�m�b�X

�h�?�2�`�2�7�Q�`�2Sp �B�M �U�k�R�V ���M�/ �?�2�M�+�2Zp ���`�2 �+�Q�M�i�B�M�m�Q�m�b�X

�G�2�K�K�� �j�U�*�Q�M�p�2�t �o���H�m�2�b�V�X�6�Q�` �2���+�?(P1; P2) 2 S�- �i�?�2 �b�2�i�( P1; P2) �/�2�}�M�2�/ �B�M�U�k�j�V�B�b

�M�Q�M�@�2�K�T�i�v ���M�/ �+�Q�M�p�2�t�X

�S� �̀Q�Q�7�X�a�B�M�+�2 �T�`�Q�D�2�+�i�B�Q�M �B�b �m�M�B�[�m�2�-�( P1; P2) �B�b �� �b�B�M�;�H�2�i�Q�M�X �a�B�M�;�H�2�i�Q�M�b ���`�2 �i�`�B�p�B���H�H�v �M�Q�M�@�2�K�T�i�v

���M�/ �+�Q�M�p�2�t�X

�G�2�K�K�� �9�U�*�H�Q�b�2�/ �:�`���T�?�V�X�h�?�2 �+�Q�`� �̀2�b�T�Q�M�/�2�M�+�2� �/�2�}�M�2�/ �B�M�U�k�j�V�?���b �� �+�H�Q�b�2�/ �;� �̀��T�?�X

�S� �̀Q�Q�7�X� �B�b �b�B�M�;�H�2�@�p���H�m�2�/ ���M�/ �+�Q�M�i�B�M�m�Q�m�b�- �#�2�B�M�; �i�?�2 �+�Q�K�T�Q�b�B�i�B�Q�M �Q�7 �+�Q�M�i�B�M�m�Q�m�b �K���T�b

�U���/�/�B�i�B�Q�M ���M�/ �T�`�Q�D�2�+�i�B�Q�M�V�X �� �+�Q�M�i�B�M�m�Q�m�b �7�m�M�+�i�B�Q�M �?���b �� �+�H�Q�b�2�/ �;�`���T�?�X

�"�X�8 �1�t�B�b�i�2�M�+�2 �_�2�b�m�H�i

�h�?�2�Q�`�2�K �R�U�A�M�i�2�`�B�Q�` �J���`�F�2�i �1�[�m�B�H�B�#�`�B�m�K �1�t�B�b�i�2�M�+�2�V�X�6�Q�` ���M�v �;�B�p�2�M �2�M�i�`�v �+�Q�b�i�b(s1; s2)�-

�i�?�2� �̀2 �2�t�B�b�i�b �� �q���H� �̀��b�B���M �2�[�m�B�H�B�#�`�B�m�K �B�M �i�?�2 �B�M�i�2�`�B�Q�` �2�+�Q�M�Q�K�v�X

�S� �̀Q�Q�7�X�"�v �G�2�K�K���b�R���9�- �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�2�M�+�2� : S � S �b���i�B�b�}�2�b �i�?�2 �+�Q�M�/�B�i�B�Q�M�b �Q�7 �E���F�m�i���M�B�ö�b

�6�B�t�2�/ �S�Q�B�M�i �h�?�2�Q�`�2�K�X �>�2�M�+�2 �i�?�2�`�2 �2�t�B�b�i�b(P �
1 ; P �

2 ) 2 S �b�m�+�? �i�?���i

(P �
1 ; P �

2 ) 2 �( P �
1 ; P �

2 ): �U�k�9�V

�e�y



�"�v �U�k�j�V ���M�/ �U�k�9�V�-

(P �
1 ; P �

2 ) = Proj S

h
(P �

1 ; P �
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�"�2�b�i �_�2�b�T�Q�M�b�2 �6�m�M�+�i�B�Q�M �B�M �6�m�H�H �a�i�`�B�M�;�2�M�+�v �_���M�;�2
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�i���F�2���r���v�b �7�`�Q�K �i�?�2 ���M���H�v�b�B�b�X
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�h�?�B�b �[�m���H�B�i�v �B�K�T�`�Q�p�2�K�2�M�i �B�b �M�Q�i �H�B�M�2���`�X ���b �b�i�`�B�M�;�2�M�+�v �B�M�+�`�2���b�2�b �#�2�v�Q�M�/ �� �+�2�`�i���B�M �T�Q�B�M�i�-
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